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SOCIAL security systems generate entitlements that must be met by resources pro-
duced by future generations. The set of rules that govern these entitlements entails

a variety of risk-sharing arrangements between workers and retirees. While it is often the
case that adjustments to pensions and contributions are made ’ex-post’ through political
bargaining, this is clearly sub-optimal. As suggested by Barr and Diamond (2009), "[...]
with social insurance (partial or total) tax finance, the institutional structure should be
designed explicitly to spread risk, rather than being an afterthought for poor outcomes."

But how ought risk be optimally shared between workers and retirees? To answer
this question we need a framework that takes into account each group’s capacity to
carry risks and the labor market consequences of the potentially distortionary financing
of such a system. The purpose of this paper is to provide one such framework.1 We
write the simplest possible model in which workers, who must be incentivized, and
retirees, whose entitlements were designed, in part, to provide incentives when they
were workers, must share the risk of economic growth.

Aggregate shocks are added to an overlapping generations version of Mirrlees’ (1971)
economy – see Ordover and Phelps (1979); Golosov et al. (2003); Grochulski and
Kocherlakota (2010); Farhi and Werning (2013). Information frictions and intra-generational
distributive motives generate the incentive problems faced by the policymaker. A mech-
anism design approach allows us to address risk-sharing arrangements and the distor-
tions needed to finance them without imposing any ad hoc restrictions on the institu-
tional setting in which choices are made.

The driving forces determining optimal risk-sharing between workers and retirees
have two parts. First, workers and retirees differ since workers need to be provided
incentives while retirees need not. Incentive provision in turn requires consumption to
vary across agents since those who produce more must be rewarded for doing so. The
dispersion in consumption required for the provision of incentives affects the marginal
value of resources for the incentivized group. If incentive provision is harder in some
states of the world than in others, then the value of resources assigned to workers will
vary, which is in contrast with retirees whom one need not incentivize.

This is not the end of the story, though. Workers will eventually retire. Second-best
principles suggest that the government should optimally spread the reward required to
incentivize them in two parts: current earnings, and promises of future benefits. The

1Of course, we claim not that we are the first to address intergenerational risk sharing – see Enders and
Lapan (1982); Gordon and Varian (1988); Ball and Mankiw (2007); Barr and Diamond (2009); Krueger
and Kubler (2006). We innovate by placing incentives and the interaction with government distributive
motives at the forefront.
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optimal backloading of incentives must, therefore, be added to the analysis.
We show that the two forces aforementioned can be nicely captured in two very

simple expressions. The first expression shows that the fraction of total consumption
allocated to workers depends on a moment condition which depends on this group’s
cross-sectional consumption dispersion.2 This moment condition captures how hard it
is to provide incentives. When it varies across states of the world, then at the optimum,
risk sharing is not perfect. The second expression encodes the value of backloading of
incentives, by showing its equivalence to a reduction in the dispersion of types in a static
economy.3 If the dispersion of types is reduced by backloading in a state-dependent way,
the moment condition will also vary across aggregate states, thus leading to imperfect
risk sharing.

Both the risk-sharing and the backloading expressions are written as a function of
endogenous variables. Yet, in an endowment economy, if there is perfect risk-sharing
at the optimum, the constrained efficient allocation displays a separable structure under
which the replacement ratio has a very simple parametric expression. This expression
can then be used to derive sufficient conditions on primitives for perfect risk sharing
to be constrained-efficient. It happens if either utility is logarithmic or the exogenous
growth in productivity follows an i.i.d. process.

Although away from perfect risk-sharing, the efficient replacement ratio does not
land itself to an analytical expression, the backloading expression at the perfect risk-
sharing allocation is still useful. We perturb an economy for which perfect risk-sharing
characterizes the optimum by introducing a small degree of persistence in aggregate
shocks. The adjustments made to preserve incentive compatibility, and resource feasibil-
ity at minimal welfare cost (or maximal welfare gain) provide a local result regarding the
departure from perfect risk-sharing. We find that starting from the perfect risk-sharing
rule it is optimal to assign more risk to retirees (resp. workers) if the productivity growth
process is mean reverting (resp. persistent).4. Optimal incentive provision requires con-
sumption dispersion and positive labor wedges. The harder it is to provide incentives,
the greater the dispersion of consumption and the larger the labor wedges. Since the
separable structure that characterizes perfect risk-sharing implies state-invariant labor

2To be precise, dispersion is measured by the σth moment of the distribution of consumption shares,
where σ is the agents’ coefficient of relative risk aversion.

3Backloading is expressed as a simple function of pensions replacement ratio.
4Around perfect risk sharing the backloading increases with expected productivity growth when σ <

1. This leads to lower consumption dispersion. However, because the moment condition decreases with
dispersion when σ < 1 and increases when σ > 1, we find that it is optimal to increase the risk born by
retirees when there is mean reversion and to reduce when growth is persistent, independently of σ.
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wedges, we find that the introduction of persistence in the productivity growth pro-
cesses makes it optimal to make wedges pro-cyclical whereas mean-reverting growth
processes are associated with counter-cyclical wedges.

We run numeric exercises that lead to optimal allocations that have the same prop-
erties uncovered by our local perturbations. When we parametrize the economy with
values that are similar to the ones typically used in the literature, the constrained effi-
cient allocation exhibits (near) perfect risk-sharing. What is going on? As in Veracierto
(2020), deviations from optimal risk-sharing are so small that the slackness in the in-
centive constraints5 is not distinguished from zero from a numeric perspective. Because
benefits do not display memory, and because these entitlements are the only possible
source of memory, the whole allocation is devoid of memory, thus (approximately) dis-
playing perfect risk-sharing.

We relate these small quantitative impacts to the failure of a consumption-based
stochastic discount factor (SDF) to price economic growth. These findings are reminis-
cent of the equity premium puzzle. We make this explicit by considering a variation
of our model with taste shocks that generate an SDF that can account for the equity
premium. In this case, the deviations from perfect risk sharing are far from trivial.

The lesson seems to be that perfect risk sharing is approximately optimal for the
relevant range of parameters used in the macroeconomics literature.

Finally, we present two simple mechanisms that can implement the optimal alloca-
tion: 1) a pay-as-you-go system with compulsory contributions to the Social Security
System. 2) A Capitalization System where agents choose how much to save when they
are young and receive retirement payments proportional to their savings. For the Capi-
talization System, the return on the investment (net of taxes) is contingent on the aggre-
gate state of the economy. Interestingly, in many countries, pension funds are required
to invest in safe assets. If we take safe assets to mean risk-free assets, then taxes on their
return must be state-contingent, otherwise, efficiency will not be attained.

The rest of the paper is organized as follows. After a brief literature review, Section
2 describes the environment, the planner’s objective, and the main definitions used in
the paper. In Section 3 the main theoretic findings are displayed. We perform a numeric
illustration in Section 4 and discuss implementation in Section 5. Section 6 concludes
the paper. Proofs are collected in the appendix.

5See discussion before Proposition 5.
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Closely related Literature

The ex-ante welfare perspective taken in this paper is also used for the study of inter-
generational risk sharing by Gottardi and Kubler (2011). They assume that cohorts are
comprised of homogeneous agents and do not consider incentive provision, focusing,
instead, on the general equilibrium effects of different risk-sharing arrangements. Ball
and Mankiw (2007), too, addresses the inter-generational risk-sharing problem but from
a partial equilibrium perspective.

Regarding both the policy question and the environment, Enders and Lapan (1982)
are closest to our setup. They consider a Diamond (1965) OLG economy: with two
periods lived cohorts who work in the first period and consume in the second. Social
security contributions may distort labor supply decisions, which is something we also
allow for when we impose incentive constraints on workers. Enders and Lapan’s econ-
omy is one with homogeneous agents where ad hoc tax instruments are used with the
sole purpose of financing social security benefits.6

Mirrlees’ and Diamond’s frameworks, thus freeing the analysis from ad hoc restric-
tions on policy instruments, were first combined in Ordover and Phelps’ (1979) analysis.
They considered a deterministic setting which means that no risk-sharing discussion was
possible.

To the best of our knowledge, it is Phelan (1994) who first adds aggregate shocks to
a dynamic agency setting. Phelan considers an overlapping generation model with ag-
gregate uncertainty but his model differs from ours in two relevant dimensions. First, he
supposes that effort is chosen before the aggregate shock is revealed, while in our model,
the effort is chosen after. This timing difference has a crucial impact on the properties
of allocations in which we are interested since, in his model, the effort can only be con-
ditioned on the expected value of the current shock, not the shock itself. Unless there is
persistence in aggregate shock, the incentive provision will be, by construction, state in-
dependent. In our model, the Planner can choose whether to provide incentives that are
state-dependent or not. Second, while using an overlapping generation model, the space
of actions - effort - from the agents is the same in every period; Phelan’s is a perpetual
youth model in which agents never retire. It is not possible to discuss social security.
Finally, he considers a moral hazard problem, while we focus on the intra-generational
redistribution problem in a screening context.

Werning (2007) introduces aggregate shocks to a dynamic Mirrlees’ model. Agents

6Our approach separates the tasks of deriving optimal allocations from implementation – see Section
5. In Enders and Lapan (1982), the question of welfare improvement is instrument-dependent.
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are infinitely lived. Hence, there is no scope for discussing inter-generational risk-
sharing. da Costa and Farinha Luz (2018) generalized Werning’s (2007) permanent type
assumption, considering all possible intertemporal correlations of idiosyncratic types.
They have shown that, for any structure of idiosyncratic shocks, log preferences are
sufficient, in an endowment economy, to generate perfect risk-sharing and allocations
that do not depend on past realizations of aggregate shocks. For any other iso-elastic
preference, state and history-dependent labor wedges characterize the optimum. They
focus on a single generation, which precludes a discussion of intergenerational risk-
sharing. In our main specification, agents have a single working period, which means
that they face no idiosyncratic uncertainty, as in Werning (2007). However, every period
a new generation is born, which means that incentives must be provided as if there were
idiosyncratic i.i.d., shocks, as in Veracierto (2020).

Veracierto (2020) also uses a dynamic Mirrlees’ model enriched with aggregate
shocks and capital stock to understand how incentive provision affects the optimal dis-
tribution of consumption between types and over time. When restricted to log prefer-
ences, Veracierto proves an irrelevance result that allows one to treat the idiosyncratic
incentive provision problem and the aggregate allocation problem separately. Numeri-
cal simulations indicate that the irrelevance result holds approximately for more general
preferences. Veracierto’s is a perpetual youth model.

Demange (2008) explicitly focuses on how moral hazard affects risk sharing between
groups. She shows that the way relative (among groups) consumption dispersion varies
across states of nature determines risk-sharing rules. She also emphasizes the role of
the timing of effort that we have mentioned in reference to Phelan’s (1994) work. Her
model is static thus precluding the discussion of incentive backloading which is at the
heart of our story.

Scheuer (2013) also uses a dynamic moral hazard model with aggregate shocks.
There, the aggregate shock is mean-preserving and only affects the ability distribution.
He shows that, when asset trades must be taxed, the marginal tax will be positive for
securities that pay in states where the ability distribution is “riskier”. In our paper, we
show how tax movements affect and are affected by consumption dispersion, an essential
channel to understanding aggregate risk-sharing.
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2 The Environment

The economy is comprised of overlapping generations of finite-lived agents. Preferences
are strongly separable across periods and between consumption and effort. Agents are
homogeneous concerning everything but the disutility they suffer from exerting effort.

The two periods lived agents have preferences regarding deterministic vectors of
effort, e, consumption at youth, cy, and consumption at old age, co, of the form

U (cy, co, e) = u(cy)− θh(e) + ξβu(co),

where

u(c) =
c1−σ − 1

1− σ
and h(e) =

eγ

γ
, for σ > 0, σ ̸= 1, γ > 1,

u(c) = ln c for σ = 1.7 And ξ is a random variable taste shock.
At birth, each agent draws θ from a distribution F (θ), with density function f(θ).

θ ∈ Θ = [θ, θ], defines the utility cost θh(e) incurred by the agent who exerts effort
e. The draws are independent across agents, and across cohorts. We rely on the law
of large numbers so that the cross-sectional distribution of types is the same for every
cohort.

For most of what follows, we consider an endowment economy such that with a We
consider a general technology, Yt = zNt, where Nt is the aggregate supply of efficiency
hours in period t and z is the current period productivity shock. We write zt to denote
the economy’s productivity in period t, and zt = (z1, ..., zt) to denote the history of
productivity shocks.

An allocation (cy(θ, zt), e(θ, zt), co(θ, zt+1))θ∈Θ,t,zt is a measurable mapping from
aggregate history to an assignment of young age consumption, effort and old age con-
sumption for all types of each cohort. An allocation is feasible if for every period, t,
and every history, zt,

ˆ
Θ

{
cy(θ, zt) + co(θ, zt)

}
f(θ)dθ ≤ zt

ˆ
Θ

e(θ, zt)f(θ)dθ. (1)

Let (cy(θ, zt), e(θ, zt), co(θ, zt+1))θ∈Θ denote the allocation for cohort t if the econ-
omy experiences a history zt. Then the utility attained by a θ-agent who belongs to this

7Some of our results extend to other C2 functions u : R+ → R and h : R+ → R+ such that u′(·) >
0 > u′′(·) and h′(·) > 0 > −h′′(·). Most of our statements and all of our analytical characterizations do,
however, rely on the iso-elastic specification. In Section XX we discuss the case γ = 1.
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cohort is

ν(θ, zt) = u(cy(θ, zt))− θh(e(θ, zt)) + β
∑

zt+1≻zt

π(zt+1|zt)u(co(θ, zt+1)).

Let ν(θ̂|θ, zt) be the utility of an agent θ, at a given history zt, that announces to be
of type θ̂,

ν(θ̂|θ, zt) = u(cy(θ̂, zt))− θh(e(θ̂, zt)) + β
∑

zt+1≻zt

π(zt+1|zt)u(co(θ̂, zt+1)).

An allocation (cy(θ, zt), e(θ, zt), co(θ, zt+1))θ∈Θ,t,zt is incentive compatible if for
all θ, θ̂, t, zt,

ν(θ, zt) ≥ ν(θ̂|θ, zt) (2)

A standard result whose proof we omit for brevity is that an allocation is incentive-
compatible if and only if ∀ θ, t, zt, we have ν̇(θ, zt) = −h(e(θ, zt)) and ė(θ, zt) ≤ 0. In
what follows we ignore the second-order monotonicity constraint and focus on a relaxed
program, for which only the envelope condition is imposed.

2.1 The Planner’s Program

At this point, it is important to explain the precise notion of risk sharing that we use.
When agents are called to make decisions regarding the allocation of risk, only agents of
their cohort are alive. Because preferences are state-independent, there is little meaning
to the risk-sharing question if we do not define welfare from an ex-ante perspective.
We follow Ball and Mankiw (2007); Gottardi and Kubler (2011) in taking this ex-ante
perspective.8 We assume that as a society we are concerned with the risk at the birth of
future generations.

Consistent with the optimal risk-sharing idea, the planner solves a Utilitarian pro-
gram, ∑

t

∑
zt

π(zt)δt
ˆ
Θ

ν(θ, zt)χ(θ)dθ. (3)

8Ball and Mankiw (2007) consider the allocation that would result from complete Arrow-Debreu
security markets if agents could trade at the beginning of times, only knowing when they would be born.
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2.2 Risk Sharing

Because preferences are separable and iso-elastic there is perfect risk sharing if and
only if consumption shares do not vary across states of nature.9 That is, for i = y, o, let,
Ci(θ, zt) =

´
Θ
ci(θ, zt)f(θ)dθ, then we have the following definitions.

Definition 1. An allocation displays perfect risk-sharing within cohorts if ∀t, zt, z, z̃
θ and θ̂,

u′(cy(θ, zt, z))

u′(cy(θ, zt, z̃))
=

u′(cy(θ̂, zt, z))

u′(cy(θ̂, zt, z̃))
and

u′(co(θ, zt, z))

u′(co(θ, zt, z̃))
=

u′(co(θ̂, zt, z))

u′(co(θ̂, zt, z̃))
(4)

With iso-elastic preferences, (4) is equivalent to there existing functions si(θ, zt−1),
such that

ci(θ, zt)

Ci(zt)
= si(θ, zt−1) ∀θ ∈ Θ, i ∈ {y, o}. (5)

In most of what follows we will rely on (5) to assess perfect risk sharing.
Definition 1 refers to how resources are split between members of the same group.

Given our focus on risk-sharing across groups of agents, it will be important to define
perfect risk-sharing between workers and retirees.

Definition 2. An allocation displays perfect risk-sharing if for all t, zt ≻ zt−1 both (4)
and

u′(co(θ, zt))

u′(cy(θ, zt))
=

δ

β
, ∀θ, zt, (6)

are satisfied.

Whereas (4) is a direct application of Borch’s rule, equation (7) relies on some addi-
tional assumptions that we have made about the environment – f(θ) does not vary with
zt, t – and the planner’s objective — χ(θ) does not vary with zt, t. If we further recall
our use of iso-elastic preferences, this lead to a notion of risk sharing between workers
and retirees represented by a type-by-type restriction of the following form. For all t, zt

there exist a(θ, zt−1) such that

co(θ, zt)

cy(θ, zt)
= a(θ, zt−1) ∀θ ∈ Θ. (7)

9For non-iso-elastic preferences, perfect risk-sharing means that the marginal rate of substitution does
not vary between states: a standard Borch Rule.
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In many circumstances we may be after a weaker notion of risk-sharing between
groups, which obtain when we take the consumption ratio between retirees and workers
as a function Ω : zt −→ R+ given by

Ω(zt) =
Co(zt)

Cy(zt)

and consider the following definition of perfect risk sharing.

Definition 3. An allocation displays perfect risk-sharing between workers and re-
tirees if Ω(zt−1, z) = Ω(zt−1, z) for all t, zt−1, z.

Of course, this weaker notion is implied by Definition 2, and, as we shall see, is not
incompatible with an efficient distribution of resources between groups even when (7)
is not satisfied.

The amount of effort different agents make in the different states of the world will
also be relevant for determining the efficient use of all available resources. While we will
have something to say about the issue, it will not be our main concern. Our definition of
perfect risk sharing relates only to how consumption is split across agents.

2.3 First Best

It is useful to start with the first best program in which we ignore the incentive compati-
bility constraint (2). This allows us to provide a characterization for efficient allocations
that will be useful as a benchmark.

To facilitate the comparison of the allocations derived herein with those in later Sec-
tions we allow the planner to assign different Pareto weights to different types. Because
our program is concave we can in this case choose any allocation in the frontier of each
generation’s utility possibility set. We do sacrifice some generality by restricting Pareto
weights on type-θ agents born in period t to be of the form δtχ(θ), with χ(θ) > 0,´
Θ
χ(θ)dθ = 1. Again, this restriction is not relevant for our purposes.
We thus define,

Wχ(z
t) :=

ˆ
Θ

ν(θ, zt)χ(θ)dθ,

and write the planner’s objective,∑
t

∑
zt

π(zt)δtWχ(z
t). (8)
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The first best problem is concave which permits characterization with standard meth-
ods. The first best allocation is

u′(cy(θ, zt)) =
f(θ)

χ(θ)
η(zt), u

′(co(θ, zt)) =
δ

β

f(θ)

χ(θ)
η(zt), h

′(e(θ, zt)) =
f(θ)

θχ(θ)
ztη(zt)

with
η(zt) ∝ z

−σγ
σ+γ−1

t ,

i.e., it is characterized by perfect risk-sharing. Furthermore, Ω(zt) =
(
β
/
δ
)1/σ, which

depends neither on current nor on past aggregate shocks. Indeed, with iso-elastic pref-
erences, optimal risk-sharing corresponds to having agents consume a fixed share of
aggregate consumption in all states of the world, at all nodes of a society’s history.

Definition 4. An allocation is devoid of memory if it is of the form:

(cy(θ, zt), e(θ, zt), co(θ, zt+1)) = (cy(θ, zt), e(θ, zt), c
o(θ, zt+1)), ∀θ ∈ Θ

In other words, we define an allocation as being devoid of memory if it does not
depend on past aggregate history. The first-best allocation in an endowment economy
with proportional government expenditures is an example of an economy characterized
by perfect risk-sharing and the absence of memory.

Investments create history dependence in a first-best economy. So we will often
return to the endowment economy to highlight the consequences of incentive provision.

2.4 Constrained Efficiency

The constrained efficient program maximizes the planners’ objective (32) subject to the
resource constraints (33), and the incentive compatibility constraints (2). Towards a
characterization, note that we can use the current aggregate shock, x, and the aggregate
consumption promises for retirees, τ , as state variables to rewrite the problem recur-
sively as

v(τ, x) = max

ˆ
Θ

[u(cy(θ))− θh(e(θ)) + βEzu(c
o(θ, z′))] f(θ)dθ

+ δEzv(τ
′(z′), z′),
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subject to ˆ
Θ

(cy(θ) + τ)f(θ)dθ ≤ z

ˆ
Θ

e(θ)f(θ)dθ,

τ ′(z′) ≥
ˆ
Θ

co(θ, z′)f(θ)dθ,

and
ν̇(θ) = −h(e(θ)).

Because the program – henceforth, Program P0 – is concave standard techniques
apply. The following proposition is immediate from the program’s first-order conditions.

Proposition 1. Constrained efficient allocations satisfy

Et

[
1

u′(cy(θ, zt))

]
=

δ

β
Et

[
1

u′(co(θ, zt))

]
, (9)

u′(cy(θ, zt))

u′(cy(θ̂, zt))
=

u′(co(θ, zt+1))

u′(co(θ̂, zt+1))
, ∀θ, θ̂, zt, zt+1 ≻ zt. (10)

The first part of Proposition 1 states that the marginal value of resources to retirees
and workers are equalized at any period and any state of nature. The second part of
Proposition 1 has some immediate consequences. First, since the ratio on the left-hand
side of (10) does not depend on zt+1 neither does the ratio on the right-hand side, which
implies optimal risk-sharing among retirees.

Corollary 1.1. At the constrained optimum there is perfect risk-sharing among retirees.

Workers are provided incentives by both higher current consumption and higher
future expected utility. They are indifferent about how the expected utility is delivered
tomorrow, so the planner does it at the lowest possible cost, which means by sharing
aggregate risk optimally among retirees.

Define the replacement ratio for a type θ in aggregate state zt+1 as the ratio between
θ’s consumption as a retiree in state zt+1 ≻ zt, co(θ, zt+1), and her consumption as a
worker, cy(θ, zt). Note that from the perspective of the period, t the replacement ratio is
a random variable.

Corollary 1.2. At the constrained optimum, for all zt+1, the replacement ratio is inde-
pendent of θ,

co(θ, zt+1)

cy(θ, zt)
=

Co(zt+1)

Cy(zt)
, ∀θ, t, zt+1 ≻ zt.
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Equivalently,

s(θ, zt) =
cy(θ, zt)

Cy(zt)
=

co(θ, zt+1)

Co(zt+1)
, ∀θ, t, zt+1 ≻ zt. (11)

Efficiency, therefore, requires the shares of an agent’s cohort’s consumption to be the
same when the agent is a worker and when he or she retires. Hence, in all that follows
we use the following definition.

Definition 5. The economy’s replacement ratio in zt+1 is R(zt+1) := Co(zt+1)/Cy(zt).

Finally, if retirees’ consumption does not depend on past aggregate shock, it is be-
cause incentive provision through retirement benefits was invariant across aggregate
states when these agents were working. The following corollary, which is another im-
mediate consequence of (10) shows what it teaches us about risk sharing among these
retirees when they were workers.

Corollary 1.3. If at the constrained optimum the consumption of retirees in period t+1

is devoid of memory, then there is perfect risk-sharing among workers in period t.

3 Risk-sharing, Incentive Provision and Backloading

We start our analysis by showing how incentive provision relates to risk sharing.

3.1 Risk-sharing within and between cohorts

From Proposition 1, recall that the aggregate marginal value between workers and re-
tirees is equalized. Using the iso-elastic property on (10), we have

Et

[
cy(θ, zt)σ

]
=

δ

β
Et

[
co(θ, zt)σ

]
,

Et

[
sy(θ, zt)σ

]
Cy(zt)σ =

δ

β
Et

[
so(θ, zt)σ

]
Co(zt)σ, and,

Mσ
y (z

t)Cy(zt)σ =
δ

β
Mσ

o (z
t)Co(zt)σ (12)

Using Ω = Co/Cy, we obtain the following expression which connects risk-sharing
between groups with the cross-sectional consumption dispersion within groups.
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Proposition 2. If an allocation is constrained efficient, then

(
β

δ

)1/σ [Mσ
y (z

t)

Mσ
o (z

t)

] 1
σ

= Ω(zt), (13)

where Mσ
y (z

t) =
´
Θ
sy(θ, zt)σf(θ)dθ for sy(θ, zt) = c(θ, zt)/Cy(zt), with analogous

definition for Mσ
o (z

t).

Recall that
(
β
/
δ
)1/σ is the first-best ratio of total retirees’ and workers’ consumption

while Mσ
y (z

t) is a measure of dispersion for the consumption of workers and Mσ
o (z

t)

the analogous statistics for retirees. The independence of Ω(zt) concerning the current
aggregate shock zt is a weaker notion of optimal risk-sharing between cohorts since
we only require perfect risk-sharing on aggregate measures, not agent-by-agent. It is
nonetheless a relevant notion for the question we posed in the title of this paper. Con-
dition (13) tell us that this weaker form of optimal risk-sharing is directly related to
optimal risk-sharing within cohorts, exactly as found by Demange (2008).

According to Corollary 1.1, the share, so(θ, zt), to which a type θ retiree is entitled
does not vary across zts. Using (10), we obtain that Mσ

o (z
t) = Mσ

y (z
t−1). So the be-

havior of Ω(zt) only depends on how Mσ
y (z

t) varies across states. Optimal risk sharing
between the two groups in the weak (aggregate) sense requires Ω(zt) to be independent
of zt.

Corollary 2.1. Ω(zt) is invariant to zt if and only if for all zt−1, z, z̃, Mσ
y (z

t−1, z) =

Mσ
y (z

t−1, z̃).

Since Mσ
y (z

t) ≈ 1+0.5σ(σ−1)Var (sy(θ, zt)) it is clear that the way the dispersion
of consumption shares varies across aggregate states affects Ω(zt) differently depending
on whether σ ⋚ 1.10 In particular, note that if agents have log preferences, then σ = 1

and Mσ
y (z

t) = Mσ
o (z

t) = 1: there is perfect risk sharing between workers and retirees.
How about perfect risk sharing in the strong (individual) sense? Proposition 3, below,
shows that this is also the case.11

Proposition 3. The constrained efficient allocation displays perfect risk-sharing if and
only if it displays perfect risk-sharing among workers.

10Of course this is immediate from Jensen’s inequality. The approximation is useful to provide a sense
of its quantitative relevance if one has information on the variance.

11It is not, however, a consequence of Proposition 2, and is proven in the appendix.
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The relationship between incentive provision and risk-sharing across groups was, to
the best of our knowledge, first investigated by Demange (2008). She compared two
groups, one which was subject to moral hazard and another which was not. To induce
agents to make effort, consumption was made dependent on the agent’s output thus
creating consumption dispersion. Dispersion in consumption affects the marginal value
of resources in the hands of the planner since any resources handed to the planner must
be returned to the agents in an incentive-compatible fashion.12 Now optimal risk-sharing
is all about making sure that the marginal rate of substitution between resources at any
two states of nature is equalized among agents, or, in her case, groups of agents.

Under identical iso-elastic preferences consumption shares of retirees are invariant
to the state of nature. If the same is true for workers, then the amount of dispersion
only determines the relative share of the two groups, but perfect risk sharing is optimal.
However, to the extent that consumption dispersion, hence, incentive provision, varies
across states of nature, so does the marginal value of resources for the group for which
incentives must be provided. In this case, the share each group would optimally obtain
varies across states of nature: perfect risk sharing ceases to be optimal.

3.2 Backloading Incentives through Social Security

The forces Demange (2008) describes are clearly at play in the findings of Section 3.1.
However, applying her findings to the workers’/retirees’ risk-sharing problem is some-
what more involved. Although retirees need not be incentivized, their expected con-
sumption is an integral part of the incentive provision problem that they were given in
their working years.13 Hence, to understand risk-sharing across workers and retirees, it
is important to take into account a second aspect, the backloading of incentives.

With a concave utility, incentives are more efficiently provided by spreading con-
sumption differences across periods. Inequality between retirees, therefore, character-
izes any constrained efficient allocation: at the optimum, it is always the case that re-
tirement benefits depend on each agent’s relative (to his cohort) past earnings. What we
ask here is whether it should also depend on past aggregate history, and in particular,
how this dependence relates to optimal risk-sharing during working years.

As it turns out, a very straightforward understanding of backloading is made possible

12The precise way in which dispersion affects the marginal value of resources in the planner’s hand is
what Mσ

y and Mσ
o measure.

13Bastani et al. (2018), for example, explore the use of pensions to implement history-dependent taxa-
tion.
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by our using a one-period representation of this dynamic incentive problem.

A one period interpretation Define the following backloading function, zt+1,

Φ(zt) := 1 + βE
[
Qt(z

t+1)
Co(zt+1)

Cy(zt)

∣∣∣∣ zt] , (14)

where Qt(z
t+1) = β (Co(zt+1)/Cy(zt))

−σ. Recalling that R(zt+1) is the replacement
ratio at history zt+1, Φ(zt) = 1 + βE [R(zt+1)1−σ| zt]

Proposition 4. The utility attained by a θ type agent born into history zt at the con-
strained optimum is

ν(θ, zt) = Φ(zt)

[
u(cy(θ, zt))− θ

Φ(zt)
h(e(θ, zt))

]
, (15)

Interestingly for our purposes, equation (15) allows one to re-interpret the problem
as that of an economy in which agents live only one period, but whose heterogeneity
is now state-dependent and given by θ/Φ(zt). This has important consequences for
efficient labor wedges.

Indeed, to provide incentives, compensation must be given in the form of more con-
sumption for those who produce more. This is, however, costly if the utility function is
concave in consumption. Second-best principles teach us that it is optimal to spread dis-
tortions across all margins. In particular, distortions in the leisure/consumption margin
should be also introduced to relax incentive constraints and alleviate the costs associated
with consumption dispersion. The magnitude of the labor wedge, i.e., the difference be-
tween the marginal rate of substitution between effort and consumption and the marginal
rate of transformation between the two – τ y : Θ× Zt −→ [0, 1) ∀i, t, such that

τ y(θ, zt) = 1− θh′(e(θ, zt))

ztu′(cy(θ, zt))
, (16)

offers an alternative signal of how hard the provision of incentives is.
If redistribution requires positive marginal tax rates, then increasing Φ relaxes incen-

tive constraints and allows wedges to be reduced. The intuition is easier in the case of
discrete types. If only downward – in the sense of high productivity (low θ) agents envy-
ing low productivity – constraints bind, then increases in Φ reduce the relative disutility‘
differences from the different outputs that agents must produce. This relaxes incentive
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constraints.14 With a continuum of agents the argument is more involved since incentive
compatibility is violated if one increases Φ but does not change the allocation.15

In the next proposition, we consider the following thought experiment. Assume that
in some state zt, Φ(zt) is increased by some exogenous reason, i.e., without any change
in the allocation.16 We then show that, if we start from an allocation displaying positive
labor wedges, then this exogenous increase in backloading, Φ(zt), allows us to increase
the utility of all members of the current generation while holding the allocations of all
other generations and at all nodes of history fixed. The new allocation is characterized
by lower marginal tax rates and a lower value for the moment condition Mσ

y (z
t).

Proposition 5. Let (uy(θ, zt), h(θ, zt), (uo(zt+1))zt+1≻zt)θ,t,zt be an allocation satisfying
(11) and characterized by non-negative labor wedges. Let Φ(zt) be the backloading
terms. If at node z̄t there is an unexpected exogenous small increase, dΦ, in Φ(z̄t), then
it is possible to construct a new incentive-feasible allocation

(ûy(θ, zt), ĥ(θ, zt), (ûo(zt+1))zt+1≻zt)θ,t,zt

such that

i) for all θ, zt, t, ûo(θ, zt) = uo(θ, zt),

ii) for all θ, t, zt ̸= z̄t, ûy(θ, zt) = uy(θ, zt), ĥ(θ, zt) = h(θ, zt), and

iii) for all θ, û(θ, z̄t)− θĥ(θ, z̄t) > u(θ, z̄t)− θh(θ, z̄t).

Moreover, labor wedges, τ y(θ, z̄t), are lower and My
σ (z̄

t) is smaller at the new alloca-
tion.

The last part of Proposition 5 shows that the distortions required for incentive pro-
vision as captured by τ y(θ, z̄t) are reduced by the exogenous increase in Φ. There is a
lower dispersion in utility flows from consumption and a lower cross-sectional moment,
My

σ (z̄
t), again pointing to the fact that incentive constraints were relaxed. It is also the

case – see the proof of Proposition 5 – that (û(θ, z̄t), ĥ(θ, z̄t)) > (u(θ, z̄t), h(θ, z̄t)) for
all θ, where the vector inequality implies that neither entry is smaller and at least one is
strictly greater at the new allocation.

The purpose of the thought experiment was to isolate the impact of changes in Φ on
the welfare of a single generation. The reform that was made possible by this change

14With a finite number of types, the upward constraints are slack in the Utilitarian program. We need
not worry about violating them if the increase in Φ is not too large.

15E.g., the planner would like to attain v̇ ≥ 0 but incentive compatibility requires v̇ = −h(θ)/Φ < 0.
16One could imagine, for example, exogenous changes in agents’ beliefs.
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increased everyone’s utilities by the same amount, leading to negative marginal tax rates
for the most productive agent, which is not optimal for a Utilitarian planner. Along
the same lines, while the allocation described in the proposition is Pareto superior, it
was only the generation born at history node zt that benefited. Yet, a lower My

σ (z
t)

implies that transferring resources from workers to retirees would increase the value of
the planners’ objective. Proposition 5 aimed not at providing a characterization of the
optimum, but simply at highlighting how the backloading of incentives can be used to
relax constraints and improve allocations.

The amount of backloading trades-off this relaxation in incentive constraints with
with changes in utility for the next generation. If backloading is optimally used, then, at
the margin, its benefits equal its costs. Finding the allocation under which this equality
occurs would, in principle, allow us to characterize the optimum. Unfortunately, finding
such an allocation is far from trivial. So, in Section 3.3, instead of following this path, we
assume that there is perfect risk-sharing at the optimum, fully characterize the allocation,
and offer conditions on the primitives for this to be the case. Before, however, we discuss
the generality of our results with regard to the technology.

Generalizing the Technology We have focused on an endowment economy with no
government consumption. Yet, except for the characterization of first-best allocations,
all results thus far remain valid if we considered instead a general technology, Yt =

zF (Nt, Kt−1), where Nt is the aggregate supply of efficiency hours in period t, Kt−1

is the capital stock and z is the current period productivity shock. Note that, with this
technology, an allocation is feasible if for every period, t, and every history, zt,

ˆ
Θ

{
cy(θ, zt) + co(θ, zt)

}
f(θ)dθ ≤ ztF

(ˆ
Θ

e(θ, zt)f(θ)dθ,Kt−1

)
−Kt −Gt.

3.3 Efficiency and Perfect Risk-Sharing

Memory, in the sense of dependence on aggregate history, has been shown to charac-
terize efficient allocations in environments that are very similar to ours – da Costa and
Farinha Luz (2018); Veracierto (2020). This makes any attempt at a general character-
ization a futile exercise. So, instead of taking this route, in this section, we proceed
as follows. First, we show that if we impose perfect risk sharing, then an analytical
solution for the backloading term, Φ(zt), obtains. We can use this expression to check
the restrictions in the primitives under which no violation of optimality conditions is
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generated. This allows us to derive the necessary and sufficient conditions for perfect
risk sharing to be optimal. As we shall see, these conditions are very restrictive. So, we
consider a doubly restricted problem in which allocations are required to display perfect
risk sharing and history independence. The variation in incentive provision across states
is fully accomplished by state-dependent labor wedges.

It is only in Section 4, however, that we (numerically) find the optimal allocation
when the assumptions that lead to perfect risk-sharing being optimal are relaxed. We
use some of the insights from the analysis in this section to provide an intuition for our
quantitative findings.

Perfect Risk-sharing With iso-elastic preferences, perfect risk-sharing implies that
the share of each agent’s consumption does not vary across states. It is intuitive and
indeed true that, in this scenario, the share of effort that each agent must exert will
also be invariant across states. Furthermore, if incentives do not vary, then the central
planner can - and will - choose the optimal correlation between consumption and current
shocks.17

Proposition 6. If a constrained efficient allocation displays perfect risk-sharing, then
there exist functions ϕi : Θ× Zt−1 → R+, i ∈ {y, o, e}, such that:

u′(cy(θ, zt)) = ϕy(θ, zt−1)η(zt),

u′(co(θ, zt)) = ϕo(θ, zt−1)η(zt),

θh′(e(θ, zt)) = ϕe(θ, zt−1)ztη(zt),

where η(zt) ∝ z
−σγ

σ+γ−1

t .

The first two terms are almost by definition of perfect risk-sharing. Proposition 6
derives its content from the last equality and the fact that the multiplicative term η̄(zt)

has a closed-form expression that coincides with that derived for the first-best allocation.
This has an immediate consequence for the cyclical behavior of labor wedges.

Corollary 6.1. A constrained optimal allocation,

i) displays perfect risk sharing only if τ(θ, zt−1, z) = τ(θ, zt−1, z′) for all θ, zt−1, z,
z′, and;

17With general preferences, we can prove that this correlation is positive - the direction of the correla-
tion is the same as the one that occurs at the first-best. Moreover, η(zt) will be a decreasing function
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ii) is devoid of memory only if for all θ, zt, τ(θ, zt) = τ̄(θ) for some τ̄(·).

Recalling that labor wedges are a meaningful statistic for incentive provision costs,
we note that it is exactly when this statistic is invariant across states of nature that we
have perfect risk-sharing at the optimum.

Another consequence of Proposition 6 is a restriction on the behavior of Φ(zt) when
the optimal allocation displays perfect risk-sharing.

Corollary 6.2. There is perfect risk sharing at the constrained optimum only if Φ(zt)
does not depend on zt.

This last corollary establishes a connection between risk sharing and backloading
which we further explore for the rest of this section. To do it we start by noting that,
whenever Φ(zt) is independent of zt, the incentive provision associated with the one-
period problem defined in Proposition 4 is invariant to zt. It is then possible to show that
its solution has the separable structure of Proposition 6.

Because shares are invariant across states of nature so is Ω(zt), and we have perfect
risk sharing between workers and retirees. In other words, for the endowment tech-
nology with iso-elastic preferences, it is only through variations in backloading across
states of nature that incentive provision may vary with the states of nature. Next, we
discuss when and how this happens.

Perfect Risk-Sharing and Backloading According to Lemma 3, in the appendix, if
a constrained efficient allocation is devoid of memory, then Φ(zt) = Φ̂(zt), for

Φ̂(zt) := 1 + β

(
β

δ

) 1−σ
σ

E

[(
zt+1

zt

) γ[1−σ]
σ+γ−1 ∣∣∣zt] . (17)

According to Corollary 1.3, an efficient allocation that does not display memory
of aggregate shocks, displays perfect risk-sharing, while, according to Corollary 6.2,
perfect risk-sharing requires Φ(zt) to be independent of zt. Combining these two results
with Lemma 3 the following proposition obtains.

Proposition 7. A constrained efficient allocation is devoid of memory if and only if,
∀t, zt, Φ(zt) = Φ̂(zt), and Φ̂(zt) is independent of zt.

If Φ(zt) is independent of zt, then it is immediate from Proposition 4 that incentive
constraints are invariant to the state of the economy. If the moment condition is invariant,
then, perfect risk-sharing obtains.
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The next two corollaries of Proposition 7 provide rather knife-edge conditions for
the absence of memory: log utility or i.i.d. productivity growth.18

Corollary 7.1. If σ = 1 the constrained optimal allocation is devoid of memory and
displays perfect risk-sharing.

Corollary 7.2. If zt+1/zt follows an i.i.d. process then the constrained efficient alloca-
tion is devoid of memory and displays perfect risk-sharing.

3.3.1 A Restricted Planner’s Program

We have seen that perfect risk sharing does not characterize constrained efficient allo-
cations in general. In this section we impose perfect risk sharing and characterize these
third best allocations. We constrain the planner’s choice by requiring the individual
consumption shares s(θ, z) to be invariant to the aggregate state — s(θ, z) = s(θ), with
some abuse, and by requiring that the total consumption of workers and retirees to be
history-independent. Let, Ψ(z) := Cy(z)σΦ(z).

To facilitate communication we index the aggregate states j = 1, ... with zj > zj−1.
The planner’s restricted program is, in this case,

max
(Ψ(z),Co(z))z ,(v(θ,z),h(θ,z))θ,z ,(s(θ))θ

∑
j

π(j)

ˆ
Θ

v(θ, z)f(θ)dθ

subject to

v(θ, j) = Ψ(j)
s(θ)1−σ

1− σ
− θh(θ, j),

ˆ
s(θ)f(θ)dθ = 1,

v(θ, j) = v(θ, j)−
ˆ θ

θ

h(r, j)dr,

and [
Ψ(j)− β

∑
k

π(k|j)Co(k)1−σ

] 1
1−σ

+ βCo(j) ≤ zj

ˆ
Θ

N (h(θ, j)) f(θ)dθ.

18With log utility, dividing consumption-effort by z, the aggregate shock disappears from constraints
and only affects utility through an additive term. The normalized variables do not depend on the aggregate
shock, and an optimal allocation without memory obtains.

21



Solving this ’static’ Mirrlees’ model we find that

τ̃(θ)

1− τ̃(θ)
= {E [s(r)σ|r ≤ θ]− E [s(θ)σ]} F (θ)

f(θ)θ
s(θ)−σ

where
τ̃(θ) = 1− Cy(j)σs(θ)σθ

Ψ(j)zjN ′(h(θ, j))
.

Note that these wedges use backloading-adjusted productivities, θ/Ψ(j).19. The main
finding is that these ’adjusted wedges’ do not vary across states of the world. Since
actual wedges, τ(θ, j), are defined as 1 − [Cy(j)σs(θ)σθ]/[zjN

′(h(θ, j))], we have,
τ(θ, j) = Ψ(j)[τ̃(θ) − 1] − 1, which decrease with Ψ(j) for τ̃ < 1. Again we see
how more backloading leads to lower wedges, even at this third best allocation.

As for Ψ(j), the optimum is given by

Ψ(j) =
λjC

y(j)σ

π(j)

ˆ θ̄

θ

s(θ)σf(θ)dθ,

which we can show to imply

Ψ(j)

Ψ(k)
=

Cy(j)σ/Co(j)σ

Cy(k)σ/Co(k)σ
.

Note that Ψ(z) relates the consumption of current workers with that of these workers
after they retire, while the right-hand side relates the consumption of current workers and
current retirees.

3.4 The γ = 1 Case

An interesting perfect risk sharing result arises for the case γ = 1 – see Appendix F.
This case is special since the absence of memory and perfect risk sharing arise despite
the fact that

Φ̂(zt) := 1 + β

(
β

δ

) 1−σ
σ

E

[(
zt+1

zt

) 1−σ
σ ∣∣∣zt]

will typically vary with z.
This finding is in contrast with the statement of Proposition 7, which is valid under

the assumption that γ > 1. So, what is going on? With γ = 1, any variation in the

19To be precise, the backloading term is Φ(j) = Ψ(j)Cy(j)−σ .
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incentive requirements due to changes in Φ(z) are efficiently adjusted by changes in
effort with no changes in consumption.20

4 Numeric Results

In this section, we numerically implement our model. The purpose of these exercises
is twofold. First, we substantiate the theoretical findings by showing how each predic-
tion arises in a stylized version of our economy. Second, we rely on parameter values
typically used in the literature to assess the quantitative relevance of the forces that are
isolated in the theory section.

For the numeric illustration, we assume that θ ∼ U [0.5, 1.5], σ = γ = 2 and that the
planner discounts future generations at the same rate that each individual discounts the
future: δ = β = 0.9520 and χ(θ) = f(θ). Finally, we assume that the log of aggregate
shock zt follows an AR(1) process:

ln zt = ρ ln zt−1 + ϵt, ϵt ∼ N(0, (0.1)2)

Note that this process implies

zt+1

zt
= zρ−1

t eϵt+1 ⇒ Φ̂(zt) = 1 +Bη(zt)
1−ρ,

where B > 0 is some deterministic constant and η(z) ≡ z
γ

σ+γ−1 = z2/3.
We choose this stochastic process because, by corollary 7.2, this implies that the

optimal allocation will display perfect risk-sharing if and only if ρ = 1. Furthermore,
this process is mean-reverting for ρ < 1. To strengthen the mean-reverting force, from
now we consider the case where the aggregate shock is i.i.d in levels: ρ = 0.

Let us pause for a moment and think about what we expect to find. Assume (as will
indeed occur) that our ’true’ Φ function - which depends on the endogenous consump-
tion growth rate - behaves in a way similar to Φ̂ - which is an exogenous and increasing
function; then we expect the backloading function - Φ(zt) - to increase in good times
and decrease in bad ones. As a consequence (recall proposition 5 and the discussion
that preceded it), both the labor wedge - τ y(zt), and the consumption dispersion - My -
should be lower in good times. Under these conditions, Proposition 2 predicts a smaller

20Indeed, the multiplier associated with the incentive compatibility constraint is independent of z – see
equation (42) – in the appendix.
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share of resources entitled to retirees - Ω(zt).21

Figures 1 - 4 display these four functions Φ, τ y, My and Ω.22 Even though these
functions are aligned with our analytical local results, τ y, My, and Ω are close to constant
functions. This suggests that the optimal allocation approximately displays perfect risk-
sharing.23

To further investigate our finding, we compute the ratio between the true backloading
function - Φ(zt) - and the one that arises if we try to implement an allocation that is
devoid of memory and displays perfect risk-sharing - Φ̂(zt). As Figure 5 displays, these
two ’backloading’ functions are roughly the same.

Second, under perfect risk-sharing, aggregate consumption is proportional to η(zt).
In Figure 6, we compute the ratio between the actual aggregate consumption - Co(zt) -
and η(zt) and show that it’s approximately constant.24

Finally, recall that since ρ = 0, our process is i.i.d. in levels. Thus, we can compute
the correlation of aggregate consumption Co(zt) with lagged η(zt). The absence of
memory would imply that this correlation should be zero for any lag different than zero,
which is approximately true as displayed in Figure 7.

Our numerical evaluation seems to be finding an absence of memory where theory
says there should be. What is going on? As in Veracierto (2020), deviations from
optimal risk-sharing are so small that the slackness in the incentive constraints is not
distinguished from zero from a numeric perspective.25 The allocation is (approximately)
devoid of memory, thus (approximately) displaying perfect risk-sharing. Does it mean
that we should simply disregard the possibility of memory and focus on perfect risk-
sharing allocations?

To focus on the aspects of our formulation that may be driving our numeric findings,
recall the term

Φ(zt) = 1 +
1

Cy(zt)
E
[
Qt(z

t+1)Co(zt+1)
∣∣ zt] .

It defines the present value of generation t (born into state zt) consumption. This present
value is risk-adjusted since future consumption is priced by the stochastic discount fac-
tor (SDF), Qt(z

t+1) = β (Co(zt+1)/Cy(zt))
−σ. A well-known fact about this SDF is

that it does not display enough variability to ’price’ the equity term, Co(zt+1). Not sur-

21As usual, the labor wedge for the high type - θ is always zero.
22For figure 2, we displayed for θ = 1, the other interior types are also decreasing functions.
23The numerical finding that optimal allocations are close to the absence of memory is also present in

Veracierto (2020).
24We would expect large fluctuations if memory played a relevant role.
25See discussion before Proposition 5.

24



prisingly, the behavior of the backloading term does not display enough variability with
respect to the aggregate state. Indeed, consider the expected return Re of an asset that
pays the aggregate retirement consumption tomorrow - the relevant notion of ’equity’
in this economy.26 If we compare it with a risk-free asset Rf ≡ 1/E[Q], the annual-
ized risk-premium R

1/20

e − R
1/20
f is only 0.44% in this numerical example, while the

equity-premium range, found in the literature is 5− 7%.
These numbers are not perfectly comparable, but it provides a useful guide to un-

derstanding why the model is failing to deliver allocations with memory, namely the
absence of enough volatility in the stochastic discount factor Qt. To assess whether this
effect lies behind the small quantitative impacts we find in our numeric explorations, we
consider a variation of our model that is reverse-engineered to price equity.

4.1 Taste Shocks

We expand our model to consider aggregate taste shocks. That is, we assume that

U (cy, co, e) = u(cy)− θh(e) + ξβu(co),

where ξ is a random variable taste shock, that hits every one of a given cohort.
We adopt the following notation. Let ξt denote the common taste shock at period

t, and ξt = (ξ1, ..., ξt), the history of taste shocks up to period t. Let xt ≡ (zt, ξt) and
xt ≡ (x1, ..., xt) be the aggregate history of shocks up to time t. We use π(xt) to denote
the probability of history t, understanding that for every t there are a finite number of
possible histories, xt.

Consistent with the optimal risk-sharing idea, the planner solves a Utilitarian pro-
gram, ∑

t

∑
zt

π(zt)δtΠt
i=0ξi

ˆ
Θ

ν(θ, zt)χ(θ)dθ, (18)

where we normalize ξ0 = 1.
By adopting the same procedure we used for deriving (14) we obtain also for this

model,

Φ(xt) = 1 +
1

Cy(xt)
E
[
Qt(x

t+1)Co(xt+1)
∣∣xt

]
, (19)

but now for Qt(x
t+1) = βξt+1 (C

o(xt+1)/Cy(xt))
−σ.

26Formally, Pe(z
t) ≡ Et

[
Q(zt)Co(zt+1)

]
, Re(z

t+1) ≡ Co(zt+1)/Pe(z
t) and Re ≡ E[Re].
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To better illustrate how a volatile enough stochastic discount factor is important to
(numerically) break the absence of memory, we turn off the productivity shock: zt = 1

∀t and assume that the log of ξt follows an AR(1) process:

ln ξt = 0.7 ln ξt−1 + ϵt, ϵt ∼ N(0, (0.7)2) ⇒ Φ̂(xt) = 1 +Bξ0.7t

where B > 0 is some deterministic constant. In the online appendix, we prove that, if
the allocation is devoid of memory, then it does not depend on any ξt. In particular, the
correlation of the retiree’s consumption Co(xt) against any k-lagged SDF/taste shock
ξt−k should be zero. In Figure 8, we plot this correlation, which is far from zero for the
initial lags. Thus, the optimal allocation now will (numerically) have memory.

5 Implementation

As we know, there are multiple ways of decentralizing an implementable allocation. The
most natural one is, perhaps, under a pay-as-you-go public social security system. A
worker with earnings zte(θ, zt) makes a compulsory contribution zte(θ, z

t) − cy(θ, zt)

to the Social Security system and is entitled to a conditional (on the aggregate state)
benefit

(
co(θ, zt, z)

)
z
.

We have, up to this point, not referred to any form of asset trade. Indeed there are no
real assets in this economy since the only technology available has constant returns to
scale. A natural possibility that arises in this type of setting is public debt. That is, the
government issues a nominal asset that promises payment in the next period financed
through taxes raised from the next generation. For this to work, the return on the public
debt must be state-contingent.

Another possibility is to allow the representative firm in the economy to sell stocks.
As we have discussed the gross profits are always zero, so, unless there is a bubble in the
value of this asset it will not serve to transfer resources intertemporally. What we shall
consider is a tax on this asset that makes after-tax profits non-zero.27 Assume that a type
θ agent facing aggregate shock zt and history zt, chooses a vector of consumption-effort,(
cy(θ, zt),

(
co(θ, zt+1)

)
zt+1 , e(θ, z

t)
)
, and shares of the representative firm, s(θ, zt) ∈

27We consider a tax scheme aiming at decentralizing the constrained efficient allocation. The arguments
herein are similar to the ones used by Farhi et al. (2012).

26



[0, 1], at the price q(zt). His optimization problem is

max
cy(θ,zt),co(θ,zt+1),e(θ,zt),s(θ,zt)

u
(
cy(θ, zt)

)
+β

∑
zt+1≻zt

π(zt+1|zt)βu
(
co(θ, zt)

)
−θh(e(θ, zt))

s.t.

cy(θ, zt) + q(zt)s(θ, zt) ≤ zte(θ, z
t)− T y(zte(θ, z

t))

co(θ, zt+1) ≤
[
0 + T o(zt+1) + q(zt+1)

]
s(θ, zt) ∀zt+1 ≻ zt

Note that the tax scheme (T y(zte(θ, z
t)), T o(zt+1))zt is not allowed to be directly in-

dexed on the agent’s type, θ.

Proposition 8. There exists a tax scheme that implements the second-best allocation.

Workers want to buy a share of future production to consume when old. Normally,
they would need only to buy shares and ‘eat the dividends’, as in the Lucas’ (1978)
model. The linear return on effort implies that the representative firm does not make any
profits, and, of course, pays zero dividends. As there are no dividends, the government
needs to promise transfers contingent on the firm’s revenue and on the number of shares
an agent holds. These transfers, financed by the labor tax, act as the fruits of a Lucas’
tree. This implementation can be viewed as a capitalization social security system:
agents buy a share si(zt) of the economy when young, and receive retirement payments
that are directly proportional to the contribution they made when young.

Note that the return on investment si(zt),

r(zt+1) =
T o(zt+1) + q(zt+1)

q(zt)

is contingent on the aggregate shocks. Interestingly, in many countries, pension funds
are required to invest in ‘safe’ assets. If we take safe assets to mean risk-free assets, then
taxes on their return must be state-contingent, otherwise, efficiency will not be attained.

6 Conclusion

Intergenerational risk-sharing and the role of social security in its implementation is not
a novel policy concern – Enders and Lapan (1982); Ball and Mankiw (2007); Gottardi
and Kubler (2011). What this paper adds to the literature is to address intergenerational

27



risk-sharing using a mechanism design approach. This allows the relationship between
incentive provision and risk-sharing which is at the heart of the problem independently
of specific ad hoc assumptions on the type of policy instruments used.

The framework used in the paper is aimed not at realism but at isolating the crucial
elements that must be taken into account for optimal risk-sharing assessment: a Mir-
rlees’ (1971) environment with heterogeneous, privately observed, productivity shocks,
and a publicly known aggregate shock.

From a policy perspective, a new development in social security design has been
the adoption by several countries of Notional Defined Contribution systems. These
systems bring to the table the possibility of easily adjusting pensions and contributions to
economic and demographic shocks, thus making the characterization of optimal sharing
rules all the more relevant. Yet, how good is an instrument if we do not have a framework
to assess how best to use it? If we do not know how benefits and contributions should
optimally be adjusted to aggregate shocks? We provide a conceptual framework for
thinking about these questions.

In this paper growth has been a synonym of per capita growth: we have kept the size
of the population fixed. In a Pay-as-you-go system with fixed contribution, the implicit
rate of return on social security investment is the economy’s growth rate; if we fix the
social security contribution rate, then more growth is mechanically translated into higher
per capita benefits.28 The question we ask in this Section is whether this is optimal.

If we assume that the population increases over time in a deterministic fashion and
that the share of agents of each type remains the same for all generations, i.e., ∀t, ft(θ) =
f(θ). Then, it is possible to show that the main results remain valid and proceed with
some comparative statics. Importantly, perfect risk-sharing means that pensions should
vary with GDP per capita, not GDP.29 This has consequences for implementation under
a capitalization system.
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A Proofs

A.1 Some Useful Definitions

Definition 6. Workers’ consumption is separable at node zt if, for all θ, there are
functions η̄y : zt −→ R+, ϕy : Θ× zt−1 −→ R+ such that:

u′(cy(θ, zt)) = ϕy(θ, zt−1)η̄y(zt).

This definition means that zt−1 is a sufficient statistic for θ, under the density func-
tion u′(cy(θ, zt)). An analogous definition holds for retirees and effort. We are interested
in this property because consumption for either group, workers or retirees, is separable
if and only if this group displays optimal risk-sharing.

Definition 7. An allocation is separable at zt if workers’ consumption, retirees’ con-
sumption, and effort are all separable with η̄y(zt) = η̄o(zt) = η̄e(zt)

zt
.

Note that if the allocation is separable, then the allocation between and within work-
ers and retirees will display perfect risk-sharing. If the allocation is separable for all zt,
we just say that it is separable.

30



A.2 Lemmata

Lemma 1. The allocation is separable in period t if and only if workers’ consumption
is separable at t or workers’ effort is separable at t.

Proof. The "only if" is by definition. Let us prove the "if" part. Suppose that workers’
consumption is separable, then by equation (26), µ(θ, zt) will not depend on zt. This
implies that effort will also be separable. Finally, if we use λ(zt) equivalences, we will
find that ηy(zt) = ηo(zt) = ηe(zt)

zt
. Therefore, the entire allocation will be separable.

The proof that workers’ effort is separable is analogous.

Lemma 2. Let µ(q, τ) = ((ϕy(θ), ϕo(θ), ϕe(θ))Θ)
N
i=1 be the solution of P1. Then,

∃(q, τ) ∈ R2
+, such that µ is also solution of P0.

Proof. of Lemma 2 Consider the program

max

ˆ
Θ

{
u(ϕy(θ)) + αβu(ϕo(θ))− θh(ϕe(θ))

}
f(θ)dθ,

subject to U̇(θ) = −h(ϕe(θ)) and
´
Θ
{ϕe(θ)− ϕy(θ)− qϕo(θ)} ≥ τ .

We change variables to transform the program into a concave one. First, define
the inverse function: g(ϕy, ϕo, U, θ) = h−1

(
u(ϕy+αβu(ϕo)−U

θ

)
. Omitting arguments for

brevity, we can rewrite our problem with the following Lagrangian

L =

ˆ
Θ

{Uf + λ(g − ϕy − qϕo − τ)f − µ̇U + µh(g)} dθ

where we used µ(θ) = µ(θ) = 0. It is straightforward to check that the first-order
conditions are the same from program P0. Let q := αδ. Now, we need to choose τ in
order to make the resource constraints match. Let g(τ) = (1− q)

´
Θ
ϕo(θ, τ)f(θ), were

(ϕo(θ, τ))Θ is the consumption of retirees associated with µ(q, τ) for q = αδ. We know
that ϕo(θ, τ) ≤ ϕo(θ, τ) ∀θ. Therefore, g(τ) ≤ (1− q)ϕo(θ, τ).

We claim that, ∀τ , ϕo(θ, τ) is bounded above by a constant M . Let vFB(τ) be the
aggregate utility associated with the first-best allocation. Note that

Φu(ϕy(θ, τ))− θh(ϕe(θ, τ)) ≤ Φu(ϕy(θ, τ))− θh(ϕe(θ, τ))

≤
ˆ
Θ

U(θ)f(θ)dθ ≤ vFB(τ) ≤ vFB(0).
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Therefore,

Φu(ϕy(θ, τ)) ≤ θh(ϕe(θ, τ)) + vFB(0), and
u(ϕ′y(θ, τ))

θh(ϕ′e(θ, τ))
= 1.

Towards a contradiction assume that ϕo(θ, τ) is unbounded. Then, as ϕo(θ, τ) be-
comes arbitrarily large, from the second equation, effort must become arbitrarily small,
thus violating the first inequality. Finally, as g(0) > 0, and g(τ) is bounded above by
(1 − q)M , we have that g : [0,M ] → [0,M ] satisfies all the conditions for the Brower
fixed point theorem. This implies that ∃τ ∗ ∈ [0,M ], such that g(τ ∗) = τ ∗. Substituting
on the resource constraint, we find that

ˆ
Θ

{ϕe(θ)− ϕy(θ)− qϕo(θ)} ≥ τ,
ˆ
Θ

{ϕe(θ)− ϕy(θ)− qϕo(θ)} ≥ (1− q)

ˆ
Θ

ϕo(θ)f(θ)dθ, and
ˆ
Θ

{ϕe(θ)− ϕy(θ)− ϕo(θ)} ≥ 0

Lemma 3. If an efficient allocation is devoid of memory, then it displays perfect risk-
sharing and there exist functions, ϕ : Θ → R+, such that

u′(cy(θ, zt)) = ϕ(θ)η(zt)

u′(co(θ, zt)) = (δ/β)ϕ(θ)η(zt)

Ω(zt) = (β/δ)1/σ ,

where η(zt) ∝ z
−σγ

σ+γ−1

t .

Proof. of Lemma 3 If the allocation is devoid of memory, then by Corollary 1.3,
workers’ consumption displays perfect risk-sharing. Then, by Proposition 3 the allo-
cation displays perfect risk-sharing. Finally, if we take the partial derivative on θ on
equations (26 - 27), we conclude the proof.

A.3 Proofs

Proof. of Proposition 1 To preserve concavity when we introduce the incentive com-
patibility constraints, we adopt a standard procedure by now of changing variables. De-
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fine the inverse functions g(h(e)) := e for all e ∈ [0,∞), and φ(u(c)) = c, and use h(θ)
and uy(θ), and uo(θ) instead of e(θ), cy(θ) and co(θ) as the relevant choice variables.
Then, omitting arguments for brevity, we write the Lagrangian

L =

ˆ
Θ

{[
ν + δEzv(τ

′, z′)
]
χ+

[
λ
(
zg(h)− τ − φ(ν + θh− βEzu

o(τ ′, z′))
)

+
∑
z′

γ(z′)(τ ′(z′)− φ(uo(τ ′, z′)))
]
f − µ̇ν + µh

}
dθ

Where we are imposing the boundary conditions µ(θ) = µ(θ) = 0. The first-order
conditions, respectively on (ν, h, uo(τ ′, z′), τ ′) and the envelope condition on τ are

µ̇(θ) = χ(θ)− λf(θ)

u′(cy(θ))
(20)

µ(θ) = λθf(θ)

[
1

u′(cy(θ))
− z

θh′(e(θ))

]
(21)

λβπ(z′|z)
u′(cy(θ))

=
γ(z′)

u′(co(θ, τ ′, z′))
(22)

δπ(z′|z)vτ (τ ′, z′) = −γ(z′) (23)

vτ (τ, z) = −λ (24)

Substituting (23-24) in (22), we find that

βu′(co(θ, τ, z, τ ′, z′))

u′(cy(θ, τ, z))
= δ

λ(τ ′, z′)

λ(τ, z)
(25)

Integrating (20) in θ and using µ(θ) = 0, we obtain

µ(θ) =

ˆ θ

θ

[
χ(s)

f(s)
− λ

u′(cy(s))

]
f(s)ds (26)

=

ˆ θ

θ

[
χ(s)

f(s)
− δλ(z′)

βu′(co(s, z′))

]
f(s)ds. (27)

where in (27) we used (25). Finally, using that µ(θ) = 0, we find that

1

Ez [1/u′(cy(θ, τ, z))]
= λ(τ, z) =

β

δ

1

Ez [1/u′(co(θ, τ, z))]
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Proof. of Corollary 1.1-1.3 Immediate from Proposition 1.

Proof. of Proposition 2 From Proposition 1 equation (10) we have

Et

[
cy(θ, zt)σ

]
=

δ

β
Et

[
co(θ, zt)σ

]
.

All that one needs is now to divide the left-hand side by Et [c
y(θ, zt)] and the right-hand

side by Et [c
o(θ, zt)] and rearrange to get (13).

Proof. of Corollary 2.1 Immediate from Proposition 2.

Proof. of Proposition 3 Suppose that workers’ consumption displays perfect risk-
sharing, then it is separable, and by equation (26), µ(θ, zt) does not depend on zt, which
implies perfect risk-sharing between workers and retirees.

For the other direction, note that from the equality between (26) and (27)

µ̇(θ, zt)− f(θ)

µ̇(θ, zt−1)− f(θ)
=

β

δ

u′(co(θ, zt))

u′(cy(θ, zt))
.

If there is perfect risk-sharing between workers and retirees, the right-hand side of
(28) does not depend on zt. This implies that µ̇(θ, zt) does not depend on zt, from which
we conclude that workers’ consumption is separable. Therefore, the allocation displays
perfect risk-sharing among workers if and only if it displays perfect risk-sharing between
workers and retirees.

Proof. of Proposition 4 From Corollary 1.2, we know that the replacement ratio is
the same for all agents: co(θ, zt+1)/cy(θ, zt) = Co(zt+1)/Cy(zt), ∀θ. This allows us to
show that for any constrained efficient allocation, u(cy(θ, zt))+βEt[ξt+1u(c

o(θ, zt+1))] =

Φ(zt)u(cy(θ, zt)), thus proving Proposition 4.

Proof. of Proposition 5 We first construct a Pareto improving reform. Then we prove
that it entails lower marginal tax rates and a lower moment condition.

Pareto superior allocation: We show how a local reform Pareto improving reform can
be designed following a perturbation on Φ, dΦ > 0. We simplify notation by omitting
the dependence of all variables on zt and by assuming that zt = 1. To focus on gains
unrelated to the direct effects that arise due to better growth perspectives we consider a
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reform that increases every agent’s flow utility at youth, u(cy) − θh(n), while holding
fixed entitlements of this and previous generations.

Moreover, we work with the dual variables u(θ) and h(θ). That is, without loss,
we start from an allocation that we can describe as {v0(θ)}θ = {u0(θ)− θh0(θ)}θ and
consider a small perturbation in Φ, dΦ > 0.

Following the perturbation dΦ we consider a new allocation {u1(θ)− θh1(θ)}θ de-
fined by

u1(θ) = u0(θ) + δ(θ), h1(θ) = h0(θ) + η(θ)

for η(θ) ≥ 0. We choose δ(θ) and η(θ) in such a way that δ(θ) = θη(θ). That is, ∀θ,
u1(θ)− θh1(θ) = u0(θ)− θh0(θ), and

u̇1(θ)−
θ

Φ + dΦ
ḣ1(θ) = 0,

i.e., incentive compatibility is guaranteed. Since the original allocation was incentive
compatible, it suffices to guarantee that

u̇1(θ)−
θ

Φ + dΦ
ḣ1(θ) = u̇0(θ)−

θ

Φ
ḣ0(θ),

or
u̇0(θ) + δ̇(θ)− θ

Φ + dΦ

[
ḣ0(θ) + η̇(θ)

]
= u̇0(θ)−

θ

Φ
ḣ0(θ).

Noting that δ̇(θ) = θη̇(θ) + η(θ), we have a differential equation for η(z). If we define

a :=
Φ + dΦ

Φ + dΦ− 1
, b =

dΦ

Φ [Φ + dΦ− 1]

then

η(θ) = −b

ˆ θ

θ
ḣ(s)

[
θ

s

]a
ds,

solves this differential equation if we impose η(θ) = 0. The second order necessary con-
dition for incentive compatibility implies ḣ(θ) < 0 for all θ, which guarantees η(θ) ≥ 0

for all θ.
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The cost of such reform is

ˆ
[C ′(u0(θ))δ(θ)−N ′(h(θ))η(θ)] f(θ)dθ =

ˆ
[θC ′(u0(θ))−N ′(h(θ))] η(θ)f(θ)dθ < 0.

The reform preserves utility and saves resources. These idle resources may then be
returned to the agents in an incentive-compatible way by choosing u2(θ) = u1(θ) + κ

for all θ.

Lower MTR’s, lower My
σ In the first step of the reform, for all agents initially fac-

ing a positive marginal tax rate we have increased both effort and consumption along
their indifference curves, which means that marginal tax rates were reduced. In the sec-
ond step, consumption has been increased without changes in effort, therefore further
reducing marginal tax rates.

As for the moment condition, recall the total change in young age consumption is
ˆ

C ′(u(θ))∆u(θ)f(θ)dθ = ∆C (28)

Noting that C ′(u(θ)) = C(u(θ))σ, we have30

Cσ

ˆ
s(θ)σ∆u(θ)f(θ)dθ = ∆C. (29)

It is also possible to re-write (28) as

(1− σ)

ˆ
C(u(θ))

∆u(θ)

u(θ)
f(θ)dθ = ∆C,

which gives us

∆C

C
= (1− σ)E

[
∆u(θ)

u(θ)

]
+ (1− σ) Cov

(
C(u(θ))

C
,
∆u(θ)

u(θ)

)
. (30)

Next, let κ :=
´
∆u(θ)f(θ)dθ, then, we can re-write (29) as

∆C = CσE [s(θ)σ∆u(θ)] = Cσ {Mσκ+ Cov (s(θ)σ,∆u(θ))}
30C(u) = [(1− σ)u]

1
1−σ , and C ′(u) = [(1− σ)u]

σ
1−σ

36



for Mσ = E [s(θ)σ] , or Mσ = C−σ
´
C(u(θ))σf(θ)dθ. In which case,

∆Mσ = −σC−σ−1

ˆ
C(u(θ))σf(θ)dθ∆C+

σC−σ

ˆ
C(u(θ))σ−1C ′(u(θ))∆u(θ)f(θ)dθ

= −σC−σ∆C

C

ˆ
C(u(θ))σf(θ)dθ + (1− σ)σC−σ

ˆ
C(u(θ))σ

∆u(θ)

u(θ)
f(θ)dθ.

Using s(θ)σ = c(θ)σC−σ and the definition of mσ, we get

∆Mσ = −σ
∆C

C
Mσ + (1− σ)σC−σ

ˆ
C(u(θ))σ

∆u(θ)

u(θ)
f(θ)dθ

= −σ
∆C

C
Mσ + (1− σ)σ

ˆ
s(θ)σ

∆u(θ)

u(θ)
f(θ)dθ

= −σ
∆C

C
Mσ + (1− σ)σE

[
s(θ)σ

∆u(θ)

u(θ)

]
.

Finally,

∆Mσ = −σ
∆C

C
Mσ + (1− σ)σMσE

[
∆u(θ)

u(θ)

]
+ (1− σ)σCov

(
s(θ)σ,

∆u(θ)

u(θ)

)
.

Now, using (30), we get

∆Mσ = −σ

{
(1− σ)E

[
∆u(θ)

u(θ)

]
+ (1− σ) Cov

(
C(u(θ))

C
,
∆u(θ)

u(θ)

)}
Mσ+

(1− σ)σMσE
[
∆u(θ)

u(θ)

]
+ (1− σ)σCov

(
s(θ)σ,

∆u(θ)

u(θ)

)
.

Hence,

∆Mσ = σ(1− σ)Mσ

{
Cov

(
s(θ)σ

Mσ

,
∆u(θ)

u(θ)

)
− Cov

(
s(θ),

∆u(θ)

u(θ)

)}
= σ(1− σ)Mσ

{
Cov

(
s(θ)σ

Mσ

− s(θ),
∆u(θ)

u(θ)

)}
If σ > 1 (σ < 1) then the term in brackets is positive (negative), which then implies

∆Mσ < 0. To see this, assume for concreteness that σ > 1. If we define the distributions
F σ and F s using sσ/Mσ as their Radon-Nicodym derivatives with respect to F , then F σ
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is a mean preserving spread of F s. Let θ0 be the value at which these distributions
cross. Then because ∆u(θ) is increasing, ∆u(θ)/u(θ) < ∆u(θ0)/u(θ) for all θ < θ0

and ∆u(θ)/u(θ) > ∆u(θ0)/u(θ) for all θ > θ0. Finally note that ∆u(θ0)/u(θ) <

∆u(θ0)/u(θ
′) for all θ < θ0, θ′ > θ0.

Proof. of Proposition 6 By assumption the allocation displays perfect risk-sharing,
therefore by Lemma 1, it is separable, u′(cy(θ, zt)) = ϕy(θ, zt−1)η(zt), u′(co(θ, zt)) =

ϕo(θ, zt−1)η(zt), and h′(e(θ, zt)) = ϕe(θ, zt−1)ztη(z
t). Using the resource constraint,

´
Θ
[u′−1 (ϕy(θ, zt−1)η(zt)) + u′−1 (ϕo(θ, zt−1)η(zt))] f(θ)dθ´

Θ
h′−1 (ϕe(θ, zt−1)ztη(zt)) f(θ)dθ

= zt (31)

Define the function m(zt, η(zt)) as the left-hand side of (31). m(·, ·) is decreasing
in both arguments, so η(zt) must be a decreasing function of zt.

If preferences are iso-elastic, we will find that η(zt) ∝ z
−σγ

γ+σ−1

t , the same function
found at the first best.

Proof. of Corollary 6.1 Immediate from Proposition 6.

Proof. of Corollary 6.2 Because the allocation displays perfect risk-sharing, it is
separable. Therefore, from Proposition 6, cy(θ, zt) = ϕy(θ, zt−1)η(zt) and e(θ, zt) =

ϕe(θ, zt−1)η(zt)
zt

, for η(zt) = z
γ

σ+γ−1

t . Using (15), v(θ, zt) =
{
Φ(zt)u(ϕy(θ, zt−1)) −

θh(ϕe(θ, zt−1))
}
η(zt)

1−σ.
The incentive constraints,

Φ(zt)u′(ϕy(θ, zt−1))ϕ̇y(θ, zt−1) = h′(ϕe(θ, zt−1))ϕ̇(θ, zt−1),

therefore, imply that Φ(zt) can not vary with zt.

Proof. of Proposition 7 Assume that the allocation displays perfect risk sharing, and
define α(zt) := Et

[
η
(
zt+1

/
zt
)1−σ

]
. Lemma 3, then, implies

cy(θ, zt) = ϕ(θ)η(zt)

co(θ, zt) =

(
β

δ

)1/σ

ϕy(θ)η(zt), and

e(θ, zt) = ϕe(θ)
η(zt)

zt
,
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where η(zt) = z
γ

σ+γ−1

t . Moreover,

λ(zt) =
η(zt)

−σ

E[ϕy(θ)σ]
= λ̃η(zt)

−σ, and µ(θ, zt) = µ(θ).

From (26), we can write ϕe(θ) as a function of (ϕy(θ))Θ, using the resource and incentive
constraints,

Φu′(ϕy(θ))ϕ̇y(θ) = θh′(ϕe(θ))ϕ̇e(θ)[
1 +

(
β

δ

)1/σ
]
E(ϕy(θ)) = E[ϕe(θ)].

The question is whether there is a function ϕ(θ) that satisfies this system. Note that,
if Φ(zt) varied with zt, there would be no hope of finding such a function. Also, with
iso-elastic preferences, the utility functions too would be separable.

Indeed, defining ϕo(θ) :=
(
β
δ

)1/σ
ϕ(θ), yields

v(θ, zt) = {u(ϕy(θ)) + αβu(ϕo(θ))− θh(ϕe(θ))} η(zt)1−σ

v(θ, zt) = ṽ(θ)η(zt)
1−σ

Moreover,

W (zt) =

ˆ
Θ

ṽ(θ)f(θ)dθη(zt)
1−σ and W (zt) = W̃η(zt)

1−σ,

which using, E
[
η (zt+1)

1−σ] = αt+1η (z0)
1−σ, leads to∑

t

∑
zt

δtπ(zt)W (zt) = W̃
∑
t

δtE
[
η(zt)

1−σ
]

∑
t

∑
zt

δtπ(zt)W (zt) = W̃
∑
t

(αδ)tη (z0)
1−σ

Expected utility is therefore bounded, if and only if, αδ < 1. From now on, we make
this assumption. Also, for notation clarity, we take z0 = 1.

In order to show that there exists (ϕ(θ))Θ that solves this system, we will write an
auxiliary problem that follows the spirit of the ones in (Atkeson and Lucas, 1992) and
(Atkeson and Lucas, 1995). Assume that there is a sequence of planners, each one
responsible to optimize a single generation welfare W̃ , subject to incentive constraints
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and a modified resource constraint, that considers the intertemporal cost of providing
utility to this generation. Formally, each planner is solving program P1, comprised of
choosing (ϕy(θ), ϕo(θ), ϕe(θ))Θ, to maximize

ˆ
Θ

{u(ϕy(θ)) + αβu(ϕo(θ))− θh(ϕe(θ))} f(θ)dθ,

subject to U̇(θ) = −h(ϕe(θ)) and
´
Θ
{ϕe(θ)− ϕy(θ)− qϕo(θ)}, where τ > 0 and q

capture the intertemporal cost that the planner of this generation is facing in order to
provide utility when this generation becomes old.

We then use Lemma 2 to connect this problem with the one we are truly interested
in and a standard result proves that this problem has a solution. Lemma 2 is formally
proved below, but we want to give an intuition of their results first.

P1 is a concave program under the usual variable transformation. Therefore, again,
we can apply the Kuhn-Tucker Theorem. In Lemma 2, we verify that taking q = αβ, the
first-order conditions of P1 will generate the same incentive constraints as the original
problem P0 we are truly interested in. Finally, we show that for this q, ∃τ > 0, such
that τ = (1 − q)

´
Θ
ϕo(θ)f(θ)dθ, which connects the resource constraint of this one-

generation planner with the original one, leading to the last constraint. As the first order
conditions are necessary and sufficient for µ to be optimal, it also solves P0.

Therefore, from Lemma 2, to prove that our non-linear system has a solution, all
we need to show is that the program P1 admits an optimal. A standard result shows
that, under the space of non-decreasing ϕe(θ) in the weak topology, the problem has a
solution.

Proof. of Corollary 7.1 We can just apply Proposition 7. A sketch for an alternative,
simpler proof is the following: normalize consumption from workers-retirees by zt.
Then, the shock zt will only enter the problem additively on the social welfare function.
Because the problem is concave, the (transformed) solution won’t be indexed on zt,
implying that the original allocation will be devoid of memory and separable.

Proof. of Proposition 8 For this proof, we use the superscript ã for the second-best
allocation.
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Impose the following labor tax

T y(ztei(z
t)) =

{
zte(θ, z

t), if e(θ, zt) /∈ (ẽ(θ, zt))Θ

G(zte(θ, z
t)), if e(θ, zt) ∈ (ẽ(θ, zt))Θ

,

where G(ztẽ(θ, z
t)) < ztẽ(θ, z

t). This implies that the agent will choose e(θ, zt) ∈
(ẽ(θ, zt))Θ.

Given the optimal effort, the agent chooses (cy(θ, zt), co(θ, zt), s(θ, zt)) in a program
that is concave and differentiable. The first-order conditions are, in this case,

u′(cy(θ, zt)) = λ(θ, zt),

βπ(zt+1|zt)u′(co(θ, zt+1)) = µ(θ, zt+1), and

q(zt)λ(θ, zt) =
∑

zt+1≻zt

µ(θ, zt+1)
[
T o(zt+1) + q(zt+1)

]
.

Therefore,

q(zt)u′(cy(θ, zt)) = Et

[
βu′(co(θ, zt+1))

(
T o(zt+1) + q(zt+1)

)]
,

q(zt) = Et

[
βu′(co(θ, zt+1))

u′(cy(θ, zt))

(
T o(zt+1) + q(zt+1)

)]
, and

q(zt) = Et

[
m(θ, zt+1)

(
T o(zt+1) + q(zt+1)

)]
,

where m(θ, zt+1) =
βu′(coi (z

t+1))

u′(cyi (z
t))

is the stochastic discount factor.
We also known from (25) that m̃(θ, zt+1) does not depend on θ, so m̃(θ, zt+1) =

m̃(zt+1). From the resources constraints, we have that

c̃o(θ, zt+1) =
[
T o(zt+1) + q(zt+1)

]
s(θ, zt),ˆ

Θ

c̃o(zt+1)f(θ)dθ = T o(zt+1) + q(zt+1), and

C̃o((zt+1) = T o(zt+1) + q(zt+1).

Hence, q(zt) = Et

[
m̃(zt+1)C̃o(zt+1)

]
. Now, the optimal government support per-share

for retirees is given by T o(zt) = C̃o(zt)−Et

[
m̃(zt+1)C̃o((zt+1)

]
, while the firm’s share

is given by s̃(θ, zt) = c̃o(θ, zt)/C̃o(zt). Finally,

G(zte(θ, z
t)) = zte(θ, z

t)− c̃y(θ, zt)− Et

[
m̃(zt+1)C̃o(zt+1)

]
s̃(θ, zt)
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B Numeric Implementation

We include the taste shock discussed in Section 4.1 in the description of our numeric
procedure.

We want to solve:

v(τ, x) = max

ˆ
Θ

[u(cy(θ))− θh(e(θ)) + βExξ
′u(co(θ, x′))] f(θ)dθ

+ βExξ
′v(τ ′(x′), x′),

subject to ˆ
Θ

cy(θ)f(θ)dθ + τ ≤ z

ˆ
Θ

e(θ)f(θ)dθ,

τ ′(x′) ≥
ˆ
Θ

co(θ, x′)f(θ)dθ,

and
ν̇(θ) = −h(e(θ)).

Recall that

g(cy, co, v, θ, x) = h−1

(
u(cy) + βExξ

′u(co(x′))− ν

θ

)
∀ e ∈ [0,∞).

Then, omitting arguments for brevity, we write the Lagrangian

L =

ˆ
Θ

{[
ν + βExξ

′v(τ ′, x′)
]
f +

[∑
x′

γ(x′)(τ ′(x′)− co(x′))
]
f

− µ̇ν + µh(g)

}
dθ + λ

[
z

ˆ
Θ

gfdθ −
ˆ
Θ

cyfdθ − τ

]

The FOCs are (we omit (z, τ) for brevity):

f(θ)− µ̇(θ)− µ(θ)

θ
=

zλf(θ)

h′(e(θ))θ
, [v]
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µ(θ)

θ
u′(cy) = λf(θ)

[
1− z

u′(cy)

θh′(e(θ))

]
, [cy]

µ(θ)

θ
βπ(x′|x)ξ′u′(co(x′)) + λf(θ)z

βπ(x′|x)ξ′u′(co(x′))

θh′(e(θ))
= γ(x′)f(θ), [co(x′)]

and
βπ(x′|x)ξ′vτ (τ ′, x′) = −γ(x′). [τ(x′)]

The envelope is
vτ (τ, x) + λ = 0

Reorganizing,

µ̇(θ) = f(θ)

[
1− zλ

h′(e(θ))θ

]
− µ(θ)

θ

cy = u′−1

(
λf(θ)θh′(e(θ))

µ(θ)h′(e(θ)) + zλf(θ)

)
co(z′) = u′−1

(
−vτ (τ

′, z′)

λ
u′(cy)

)
,

where the last equation follows from

− γ(x′)f(θ) +
µ(θ)

θ
βπ(x′|x)ξ′u′(co(x′)) + λf(θ)z

βπ(x′|x)ξ′u′(co(x′))

θh′(e(θ))
= 0

⇒ vτ (τ
′, x′)f(θ) +

µ(θ)

θ
u′(co(x′)) + λf(θ)z

u′(co(x′))

θh′(e(θ))
= 0

⇒ − vτ (τ
′, x′)

u′(co(x′))
=

µ(θ)h′(e(θ)) + λf(θ)z

θf(θ)h′(e(θ))

⇒ − vτ (τ
′, x′)

u′(co(x′))
=

λ

u′(cy)
⇒ co(x′) = u′−1

(
−vτ (τ

′, x′)

λ
u′(cy)

)
We are ready to construct our algorithm.

1. Guess a value function v(τ, x).

2. Guess λ(τ, x).

3. Guess ν(θ) = ν(τ, x).

4. Guess (cy, co). Use (cy, co) to obtain a pair (e, ν) solving forward ν̇(θ) = −h(g),
using ν(θ) = ν. Then, solve backward the equation for µ̇(θ), using µ(θ) = 0.
Repeat this step until (cy, co) converges.
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5. Update τ ′(x′) and repeat step (4) until convergence.

6. Update ν(τ, x) and repeat step (4) until you get µ(θ) = 0.

7. Update λ(τ, x) and repeat steps (4-5) until you get that Resource Constraints holds
with equality.

8. Update v(τ, x) using the Bellman equation. Repeat steps (2-6) until convergence.
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Figure 3

Figure 4
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Figure 5

Figure 6
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Figure 7

Figure 8
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ONLINE APPENDIX

D Taste Shocks

We expand the model to consider taste aggregate taste shocks,

U (cy, co, e) = u(cy)− θh(e) + ξβu(co),

where ξ is a taste shock that hits every one of a given cohort.
Let ξt denote this common taste shock at period t, and ξt = (ξ1, ..., ξt), the history

of taste shocks up to period t. Let xt := (zt, ξt) and xt := (x1, ..., xt). We use π(xt)

to denote the probability of history t, understanding that for every t there are a finite
number of possible histories, xt.

Consistent with the optimal risk-sharing idea, the planner solves a Utilitarian pro-
gram, ∑

t

∑
zt

π(zt)δtΠt
i=0ξi

ˆ
Θ

ν(θ, zt)χ(θ)dθ, (32)

where we normalize ξ0 = 1.
An allocation (cy(θ, xt), e(θ, xt), co(θ, xt+1))θ∈Θ,t,xt is feasible if for every period,

t, and every history, xt,
ˆ
Θ

{
cy(θ, xt) + co(θ, xt)

}
f(θ)dθ ≤ zt

ˆ
Θ

e(θ, xt)f(θ)dθ. (33)

Let (cy(θ, xt), e(θ, xt), co(θ, xt+1))θ∈Θ denote the allocation for cohort t if the econ-
omy experiences a history xt. Then, the utility attained by a θ-agent who belongs to this
cohort is

ν(θ, xt) = u(cy(θ, xt))− θh(e(θ, xt)) + β
∑

xt+1≻xt

π(xt+1|xt)ξt+1u(c
o(θ, xt+1)).

and

ν(θ̂|θ, xt) = u(cy(θ̂, xt))− θh(e(θ̂, xt)) + β
∑

xt+1≻xt

π(xt+1|xt)ξt+1u(c
o(θ̂, xt+1)).

is the utility of an agent θ, at a given history xt, that announces to be of type θ̂. Standard
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arguments imply that an allocation (cy(θ, xt), e(θ, xt), co(θ, xt+1))θ∈Θ,t,xt is incentive
compatible if and only if ∀ θ, t, xt, we have ν̇(θ, xt) = −h(e(θ, xt)) and ė(θ, xt) ≤ 0.

E The Restricted Program

The planner’s static program is

max

ˆ
Z

ˆ
Θ

v(θ, z)f(θ)π(z)dθdz

s.t.

v(θ, z) = Ψ(z)
s(θ)1−σ

1− σ
− θh(θ, z),

ˆ
s(θ)f(θ)dθ = 1,

v(θ, z) = v(θ, z)−
ˆ θ

θ

h(s, z)ds,

and [
Ψ(z)− β

ˆ
Z

π(ẑ|z)Co(ẑ)1−σdẑ

] 1
1−σ

+ βCo(z) ≤ z

ˆ
Θ

N (h(θ, z)) f(θ)dθ.

We start with the first order condition with respect to Ψ(z),

ˆ
Θ

α(θ, z)
s(θ)1−σ

1− σ
dθ = −λ(z)

Cy(z)σ

1− σ
, (34)

and with respect to Co(ẑ),

−β

ˆ
Z

λ(z)π(ẑ|z)Cy(z)σCo(ẑ)−σdz + βλ(ẑ) = 0.

Let λ̃(z) = λ(z)/π(z), then

−β

ˆ
Z

λ̃(z)π(ẑ|z)π(z)Cy(z)σCo(ẑ)−σdz + βλ(ẑ) = 0,
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which, after noting that

−βπ(ẑ)

ˆ
Z

λ̃(z)Cy(z)σCo(ẑ)−σdz + βλ(ẑ) = 0,

can be written as

−β

ˆ
Z

λ̃(z)Cy(z)σCo(ẑ)−σdz + βλ̃(ẑ) = 0.

Now, the FOC with respect to v(θ, z), yields

π(z)f(θ) + α(θ, z)− µθ(θ, z) = 0,

and, with respect to s(θ),

− α(θ, z)Ψ(z)s(θ)−σ + ξ(z)f(θ) = 0. (35)

Multiplying (35) by s(θ) and integrating over θ

−
ˆ
Θ

α(θ, z)Ψ(z)s(θ)1−σdθ + ξ(z)

ˆ
Θ

f(θ)s(θ)dθ = 0,

which, using (34) leads to
λ(z)Cy(z)σ = ξ(z),

which gives us an expression for α(θ, z)

α(θ, z) = −λ(z)Cy(z)σ

Ψ(z)
s(θ)σf(θ). (36)

Now, consider the first-order conditions with respect to h(θ, z),

µ(θ, z) = − [α(θ, z)θ + λ(z)zN ′(h(θ, z))f(θ)] ,

which, using (36) produces

µ(θ, z)

λ(z)f(θ)
= zN ′(h(θ, z))

[
Cy(z)σs(θ)σθ

Ψ(z)zN ′(h(θ, z))
− 1

]
. (37)
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We need now only find expressions for µ(θ, z) and λ(z). Starting with the former,

π(z)F (θ) +

ˆ θ

θ

α(j, z)dj =

ˆ θ

θ

µj(j, z)dj,

or ˆ θ

θ

α(j, z)dj − F (θ)

ˆ θ̄

θ

α(j, z)dj = µ(θ, z)

since

π(z) = −
ˆ θ̄

θ

α(j, z)dj,

as a consequence of µ(θ̄, z) = 0. Then, using (36) we get

λ(z)Cy(z)σ

Ψ(z)

[
F (θ)

ˆ θ̄

θ

s(j)σf(j)dj −
ˆ θ

θ

s(j)σf(j)dj

]
= µ(θ, z),

or
Cy(z)σ

Ψ(z)
F (θ) {E [s(θ)σ]− E [s(j)σ|j ≤ θ]} =

µ(θ, z)

λ(z)
.

Replacing the expression above in (37) yields

{E [s(j)σ|j ≤ θ]− E [s(θ)σ]} Cy(z)σ

Ψ(z)f(θ)
F (θ) = zN ′(h(θ, z))

[
1− Cy(z)σs(θ)σθ

Ψ(z)zN ′(h(θ, z))

]
,

or

{E [s(j)σ|j ≤ θ]− E [s(θ)σ]} F (θ)

f(θ)θ
s(θ)−σ =

Ψ(z)zN ′(h(θ, z))

Cy(z)σθs(θ)σ

[
1− Cy(z)σs(θ)σθ

Ψ(z)zN ′(h(θ, z))

]
,

and finally,

{E [s(j)σ|j ≤ θ]− E [s(θ)σ]} F (θ)

f(θ)θ
s(θ)−σ =

τ̃(θ)

1− τ̃(θ)

where
τ̃(θ) = 1− Cy(z)σs(θ)σθ

Ψ(z)zN ′(h(θ, z))

d



F Linear Effort

Assume that γ = 1, thus h(e) = e. We can rewrite (20-21) as

µ̇(θ) = χ(θ)− λf(θ)

u′(cy(θ))
(38)

µ(θ) = λθf(θ)

[
1

u′(cy(θ))
− z

θ

]
(39)

Substituting (38) in (39), we obtain

θµ̇(θ) + µ(θ) = ˙(θµ(θ)) =

[
χ(θ)

f(θ)
θ − λz

]
f(θ)

⇒ θµ(θ) =

ˆ θ

θ

[
χ(s)

f(s)
s− λz

]
f(s)ds, (40)

where in (40) we used µ(θ) = 0.
Evaluating (40) at θ = θ, we obtain

λ =
θχ
z
, for θχ ≡

ˆ θ

θ

θχ(θ)dθ (41)

Substituting (41) in (40), we obtain

µ(θ) =
1

θ

ˆ θ

θ

[
χ(s)

f(s)
s− θχ

]
f(s)ds (42)

Next, substituting (41) and (42) in (39), we obtain

µ(θ)

θχf(θ)
=

θ

zu′(cy(θ))
− 1,

which then implies
θ

zu′(cy(θ))
=

µ(θ) + θχf(θ)

θχf(θ)
,

or
u′(cy(θ)) =

θ

z

θχf(θ)

µ(θ) + θχf(θ)
.

Hence,
cy(θ, z) ∝ z1/σ.

e



From (25)

βu′(co(θ, τ, z, τ ′, z′))

u′(cy(θ, τ, z))
= δ

λ(τ ′, z′)

λ(τ, z)

u′(co(θ, z)) =
δ

β

θ

z

θχf(θ)

µ(θ) + θχf(θ)

Thus, the SDF is given by
Q(zt) ≡ β

zt+1

zt

and

Φ(zt) = 1 + βEt

[(
β

δ

)σ (
zt
zt+1

)σ−1
σ

]
.

Also, by incentive compatibility,

Φ(z)u′(cy(θ, z))ċy(θ, z) = θė(θ, z) ⇒

e(θ, z) = e(θ, z) + Φ(z)

ˆ θ

θ

u′(cy(s, z))ċy(s, z)ds ⇒

e(θ, z) = e(θ, z) + Φ(z)z
1−σ
σ κ(θ)

Substituting in the Resource Constraint, we get

z

ˆ
ef = α

ˆ
cyf

ze(θ, z) + Φ(z)z
1−σ
σ = α̃z1/σ

e(θ, z) = α̃z
1−σ
σ − Φ(z)

z
1−σ
σ

z

f
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