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Abstract

Is increasing political competition good for voters? We study this question in
the political career concerns framework. We first show that the relationship between
political competition, viewed as the cost of challenging incumbent politicians, and
effective accountability, i.e., the politicians’ incentive to behave in the voters’ interest,
is undetermined in the sense that an increase in political competition can be associated
both with an increase and with a decrease in effective accountability. We also show
that effective accountability need not be maximized when challenging incumbents is
costless. We then discuss conditions under which an increase in political competition
has an unequivocal impact on effective accountability and show that as the number of
potential challengers to an incumbent politician increases, the conditions under which
this impact is unequivocally negative become more likely. Overall, our results show
that, unlike in the marketplace, where an increase in competition typically benefits
consumers, increasing competition in the political sector can adversely affect voters.
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1 Introduction

“An ideal political democracy is defined as: an institutional arrangement for arriving at
political decisions in which individuals endeavor to acquire political office through per-

fectly free competition for the votes of a broadly based electorate.” (Becker 1958, p.106).

By and large, economists view competition in a positive light. In the marketplace, the
argument goes that competition among firms for consumers and the resulting risk of loss
of market share ensures that firms behave in the consumers’ best interest and only the best
firms survive. Becker [1958] argues that in an ideal political democracy, free competition
for votes ensures that politicians in power act in the electorate’s best interest and only the
best politicians survive. There are, however, two important imperfections in the political
sector, namely, the entry costs associated with the large scale of operation in this sector
and information and agency problems. Wittman [1989, 1995] argues that political markets
nevertheless respond to information and agency problems, with competition for political
office and the implied risk of political takeover playing a crucial role.!

In this paper, we study whether political competition indeed benefits voters. We do so in
the political career concerns framework.? In this framework, an office-motivated incumbent
politician privately makes an effort choice. The incumbent’s performance depends on their
effort and unknown ability. A (representative) voter observes the incumbent’s performance,
which provides information about the incumbent’s ability, and then decides whether to
retain the incumbent. The incumbent politician thus have an incentive to exert effort and
benefit the voter so as to positively influence the voter’s assessment of their ability and

increase their likelihood of retention. The political career concerns framework captures

"More generally, Wittman [1989, 1995] argues that competition in the political sector, in much the same
way as market competition, produces (constrained) efficient outcomes; see also Stigler [1972]. The analogy
with economic markets is useful. In the same way that agents trade goods in economic markets, in an election
voters trade votes for public-policy outcomes. The rules for determining electoral outcomes constitute the
market-clearing mechanism: they determine which “goods” are traded in equilibrium.

ZPolitical career concerns models adapt the career concerns model of Holmstrom [1999] to a political
economy setting. They are used to study how politicians’ concerns for their future career affect their behavior.



in a parsimonious way the presence of principal-agent and informational frictions in the
political sector and is by now the standard electoral accountability framework.

We introduce competition in the political career concerns framework in the form of a
citizen who decides whether to run for office against the incumbent. The citizen’s ability
is also unknown and the voter observes a signal about this ability before deciding whether
to retain or replace the incumbent (should the citizen decide to run for office). Running
for office is costly, though. Similarly to entry barriers in the marketplace, this cost affects
the amount of political competition faced by the incumbent.?> Other than the citizen’s entry
decision, our model is a standard political career concerns model.

We establish two sets of results. First, we show that the relationship between effective
accountability, i.e., the incumbent’s incentive to exert effort, and political competition is
undetermined in the sense that an increase in political competition can be associated both
with an increase and with a decrease in effective accountability. We also show that effective
accountability need not be maximized when entry is costless. Then, we discuss econom-
ically meaningful conditions under which the relationship between political competition
and effective accountability is determined in the sense that an increase in political compe-
tition has the same effect on effective accountability in every equilibrium. In particular, we
discuss conditions under which an increase in political competition unequivocally reduces
effective accountability.

In order to understand our indeterminacy results, notice that the incumbent’s incentive
to exert effort is tied to their likelihood of retention given their performance in office. By
making it easier for the citizen to run for office against the incumbent, an increase in po-
litical competition has an ambiguous impact on effective accountability. On the one hand,
it reduces the likelihood that an incumbent with a good performance is retained, which is
bad for incentives. On the other hand, it reduces the likelihood that an incumbent with a

poor performance is retained, which is good for incentives. We show that both the situation

30ur measure of political competition captures the ex-ante electoral advantage of incumbents. Another
measure of such advantage is the margin of victory. There are other notions of political competition used in
political economy and political science. See Bardhan and Yang [2004] for a discussion of these measures.



in which the positive effect dominates the negative effect and the situation in which the
negative effect dominates the positive effect are compatible with equilibrium behavior. Our
determinacy results consist in deriving conditions under which the positive effect always
dominates or is always dominated by the negative effect. Loosely speaking, these condi-
tions imply that entry after a good performance is always more or always less responsive
to changes in political competition than entry after a poor performance.

Our baseline setting is such that the incumbent politician either faces one challenger,
when the citizen enters, or faces no challenger, when the citizen does not enter. We also
consider the case in which the incumbent politician always faces at least one challenger and
there exists more than one potential entrant. We show that our indeterminacy results remain
the same in this other case. More interestingly, the presence of an established challenger
and of more than one potential entrant strengthens the negative impact of an increase in
political competition on effective accountability by making entry after a good performance
more responsive to an increase in political competition than entry after a poor performance.
In particular, under mild technical assumptions, an increase in political competition always
reduces effective accountability if the number of potential entrants is sufficiently large.

The rest of the paper is organized as follows. We discuss the related literature in the
remainder of this section. In Section 2, we introduce our model and define equilibria. In
Section 3, we characterize equilibria. In Section 4, we establish a number of results that
are useful for our analysis and discuss our approach to comparative statics. In Section 5,
we establish our results about the relationship between political competition and effective
accountability. In Section 6, we consider the many-challengers extension. Section 7 con-
cludes and the Appendix contains omitted proofs and details. Camargo and Degan [2023]

contains additional details and extensions.

Related Literature. Several papers study theoretically or empirically (or both) the rela-
tionship between political competition and a number of economic and political outcomes,
often obtaining conflicting results. De Paola and Scoppa [2011] and Gallaso and Nannicini

[2011] establish a positive relationship between political competition and politician quality,
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while Dal B6 and Finan [2018] shows that this relationship can go both ways. Polo [1998]
shows that political competition can increase political rents, while Svaleryd and Vlachos
[2009] finds the opposite. Ashworth et al. [2014] finds that political competition increases
the efficiency of municipal administration, while Afridi et al. [2021] finds that political
competition may increase corruption. In the context of redistributive politics, Myerson
[1993] and Lizzeri and Persico [2005] show, respectively, that a higher number of candi-
dates is associated with more unequal redistribution and greater distortion in the provision
of public goods. Arvate [2013] finds, instead, that more candidates increases the supply of
local public goods. Theoretical and empirical studies of the relation between political com-
petition and economic development and growth also reach mixed conclusions. Acemoglu
and Robinson [2006] propose a model with a U-shaped relationship between political com-
petition and economic development. Padovano and Ricciuti [2009] and Besley et al. [2010]
find a positive relationship between political competition and economic growth, while Al-
fano and Baraldi [2015, 2016] find an inverted U-shaped relationship.

Starting with Barro [1973] and Ferejohn [1986], a large literature has studied how re-
election concerns motivate politicians to behave in the voters’ interest.* To our knowledge,
our paper is the first to study the effect of political competition on effective accountabil-
ity in a political career concerns setting. Our results show, contrary to Wittman [1989,
1995], that increasing political competition can lower the incentive of politicians in office
to behave in the voters’ interest.> More generally, our results show that without additional
assumptions on how entry of politicians responds to changes in political competition there
exists no relationship between political competition and effective accountability.

The analysis in our paper also speaks to the literature on incumbency advantage.® A

common view in this literature is that higher retention probabilities due to office holding

4See Ashworth [2012] and Duggan and Martinelli [2017] for reviews of the literature, and Besley and
Case [1995], Alt et al. [2011], and Ferraz and Finan [2011] for evidence on this.

SKartik et al. [2015] show, also contrary to Wittman [1989, 1995], that political competition can fail to
promote efficient aggregation of politicians’ policy-relevant private information.

5See, e.g., Cox and Katz [1996], Levitt and Wolfram [1997], Stone et al. [2004], Gordon et al. [2007],
Ashworth and Bueno de Mesquita [2008], and Hall and Snyder [2015]



hurt voters by lowering effective accountability and reducing the voters’ ability to replace
low-quality incumbents.” A corollary of this view is that increasing political competition

is beneficial to voters. Our analysis shows that this conclusion is not warranted.®

2 Model

In this section, we present our model, define equilibria, and make some remarks about our

modelling choices.

Agents. There are three agents, namely, an incumbent, a citizen who can run for office
against the incumbent, and a representative voter. We refer to the incumbent and the citizen
as the politicians. Politicians can be of one of two types: a low-ability type and a high-
ability type. We denote a politician’s type by 7, where 7 = L if the politician is of low
ability and 7 = H otherwise. A politician’s type is unknown to all agents, including the
politician, and is independent of the other politician’s type. The (ex-ante) probability a
politician is of high ability is 7y € (0, 1). We refer to the probability that the other agents

assign to a politician being of high ability as the politician’s reputation.

Output. A politician’s output in office depends on their private choice of efforta € A =
[0, @] and on their type 7, and is either y = h, a success, or y = ¢, a failure. The probability a
politician of type 7 who exerts effort a succeeds is f(a, 7) > 0, where f is a twice continu-
ously differentiable, strictly increasing, and strictly concave function of a with 9f(0,7)/0a
finite for all 7. Moreover, f(a, H) > f(a, L) for all a € A, so high-ability politicians are
more likely to succeed than low-ability ones no matter their effort. In an abuse of notation,
welet f(a,m) = nf(a, H) + (1 — 7)f(a, L) be the ex-ante probability a politician of rep-
utation 7 succeeds when their effort is a. The assumption of binary output simplifies the

exposition without changing our message; see Camargo and Degan [2023] for details.

"In a diverging view, Ashworth et al. [2019] shows that incumbency advantage can arise solely from the
fact that office holding provides information about incumbents to voters.

$While not an object of interest in our analysis, we can extend our indeterminacy results to show that there
exists no relationship between political competition and incumbency advantage in our setting.



Learning. The incumbent’s performance in office is observable, and so can be used by
all agents to update their beliefs about the incumbent’s type. Before deciding whether to
run for office, the citizen observes a public signal about their ability.® Since observing this
signal and the citizen’s reputation are equivalent, we take the citizen’s signal to be their
reputation. Let €2 be the c.d.f. describing the unconditional distribution of the citizen’s

reputation. We assume §2 has support [0, 1] and a continuous density w in (0, 1).1°

Preferences. Politicians care only about holding office and effort is costly for them. The
benefit of holding office is B > 0 and the cost of exerting effort @ is ¢(a). The function ¢
is twice continuously differentiable, increasing and convex, and satisfies the ‘Inada’ con-
ditions ¢(0) = ¢(0) = 0 and (@) > BOf(0,m)/0a. The voter’s payoff from having a
politician in office is F' = 0 if the politician fails and S > 0 otherwise. In addition, the
voter’s payoff from keeping the incumbent in office depends on an additive shock z € R.
This shock represents a dimension of horizontal differentiation that co-exists with the di-
mension of vertical differentiation at the core of our analysis and is distributed according

to a continuously differentiable c.d.f. I" with support [—n, ] where n > 0.

Entry. The citizen pays a cost x € [0,%| with & < B if they run for office. This cost mea-
sures the extent of political competition faced by the incumbent: lowering x increases po-
litical competition by making a challenge to the incumbent less difficult.!! In what follows,

we use a change in the entry cost and a change in political competition interchangeably.

Timing. Action takes place in two periods. In the first period, the incumbent privately
chooses their effort, output is realized, and agents update their beliefs about the incumbent’s
type. In the second period, the citizen observes their reputation and decides whether to run

for office. Following that, the voter chooses which politician to put in office after privately

9So0, there exists no asymmetry of information between the citizen and the voter at the election stage. This
implies that the citizen’s decision to run for office has no signaling content.

1050, from an ex-ante perspective, any reputation is possible for the citizen. Our results extend to the case
in which the support of 2 is contained in [0, 1], and either sufficiently low or sufficiently high reputations (or
both) are not possible a priori. We gain no insights by doing so.

"I'The cost of entry represents not only the direct monetary costs the citizen has to pay to mount a challenge
to the incumbent but also any opportunity costs incurred by the citizen when they run for office.
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observing the incumbent-specific preference shock and, if the citizen runs for office, the
citizen’s reputation.'> The incumbent is automatically retained if the citizen does not run

for office. Finally, the politician in office in the second period makes an effort choice.

Strategies and Equilibria. A strategy profile is a list (a, 0, p, a’,a®) where: (i) a € A
is the incumbent’s first-period effort; (ii) o : [0, 1] x {¢, h} — [0, 1] is a function such that
o(m,y) is the probability the citizen enters if their reputation is 7 and the incumbent’s first-
period output is y; (iii) p : [0, 1] x {¢, h} x [—n,n] > [0, 1] is a function such that p(7, y, z)
is the probability the voter retains the incumbent if the citizen runs for office, the citizen’s
reputation is 7, the incumbent’s first-period output is y, and the shock to the voter’s payoff
is z; (iv) al + A x {€,h} x ([0,1] U {0}) — A is a function such that a!(a,y, ) is the
incumbent’s second-period effort if retained by the voter given the incumbent’s first-period
effort a and output y and the citizen’s reputation 7, where © = () if the citizen does not
enter; and (v) a® : [0,1] x {¢,h} — A is a function such that a®(r,y) is the citizen’s
second-period effort if they enter and are put in office by the voter given their reputation 7
and the incumbent’s first-period output y. A belief system is amap 7 : {¢, h} — [0, 1] such
that 7(y) is the incumbent’s reputation as a function of their first-period output.

We consider pure-strategy sequential equilibria. Consistency of beliefs is guaranteed
by Bayes’ rule since both output realizations are possible regardless of the incumbent’s
first-period effort choice. Clearly, politicians have no incentive to exert effort in the second
period. So, in what follows, we take the politicians’ choice of effort in the second period
to be always zero and omit it from our description of equilibria. Given this, we refer to the

incumbent’s choice of effort in the first period simply as the incumbent’s effort.

Remarks. We depart from the canonical political career concerns model by endogeniz-
ing the set of agents who run for office against the incumbent. Two features of our model
are important in this regard, namely, the presence of horizontal differentiation and the cit-

izen’s random reputation. Horizontal differentiation introduces uncertainty in the voter’s

2Qur results do not change if the shock z is public. The key assumption is that the incumbent does not
know the realization of this shock when making an effort choice in the first period.



retention decision. Without this uncertainty, the citizen’s entry decision does not respond
to changes in the entry cost: either the citizen always enters or the citizen never enters.
Without a random reputation for the citizen, small changes in the entry cost do not change
the incumbent’s probability of retention conditional on their output. Indeed, if the citizen’s
reputation is not random, then, except in knife-edge cases, the citizen who is indifferent be-
tween entering or not entering is not marginal with respect to the voter’s retention decision.

We assume that politicians care only about holding office. This amounts to assuming
that a politician’s ability has no value outside of the political sector. We can extend our
analysis to the case in which a politician’s ability has value outside of the political sector.
When this is the case, the citizen has a reputation-dependent outside option.!* This implies
that, unlike in our setting, the citizen’s entry decision need not be a cutoff rule in that the
citizen enters if, and only if, their reputation is above a certain threshold.'* The analysis of
this more general case is less transparent and yields no new insights. For this reason, we

relegate it to Camargo and Degan [2023].

3 Equilibrium Characterization

In this section, we characterize equilibria. We proceed by backward induction. First, we
consider the voter’s appointment decision. Then, we consider the citizen’s entry decision.
Finally, we consider the incumbent’s effort choice. The main result is a characterization of

the incumbent’s equilibrium choice of effort, which is the basis of our subsequent analysis.

3.1 Appointment Decision

First note that the voter reappoints the incumbent if the citizen does not run for office.
Consider then the case in which the citizen runs for office and let 7; and 7« be, respectively,

the incumbent’s and the citizen’s reputation in the second period. Since politicians exert no

3Moreover, as in the presence of incentive pay, the incumbent benefits from a success even if not retained
in office, increasing their incentive for exerting effort.

14In particular, a citizen with a high enough reputation may not find it optimal to enter, so that a reduction
in the entry cost can, unlike our setting, improve the expected quality of the politician who runs for office.
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effort in office in the second period, the voter replaces the incumbent if, and only if
Sf(O,TI']) +2< Sf(077TC>7

where 2 is the shock to the voter’s preferences.'” Now let § = n/S[f(0, H) — f(0, L)] > 0.

The next result follows from straightforward algebra.

Lemma 1. Suppose the citizen runs for office. The voter replaces the incumbent if, and
only i, = < (z¢ — m1)n/0.

Let G : R — [0, 1] be such that G(x) = I' ((n/0)x). The function G is nondecreasing
and continuously differentiable, with G(—6) = 0 and G(#) = 1. Moreover, G is strictly in-
creasing in [—6, 6]. It follows from Lemma 1 that the probability the incumbent is replaced
is G(me — 7). This probability increases with the reputation difference 7o — 7y, is zero if
this difference is sufficiently negative, and is one if this difference is sufficiently positive.

The ratio 6 measures the importance of the shock to the voter’s preferences relative to
vertical differentiation between politicians. When 6 is small, and vertical differentiation
is important, the probability G/(mc — ) is responsive even to small changes in 7 — 7.
On the other hand, when @ is large, G(—1) > 0 and G(1) < 1, and the voter can find it
optimal to replace a high-ability incumbent even if the citizen is of low ability and keep
a low-ability incumbent even if the citizen is of high ability. We focus our analysis in the
case in which 6 is small. In Camargo and Degan [2023], we discuss the large-6 case and

show that the substance of our results remains the same.

Assumption 1. § < min{my, 1 — m}.

3.2 Entry Decision

The citizen’s expected payoff from running for office when their reputation is 7¢, the in-

cumbent’s reputation is 77, and the entry cost is & is

BG(n¢ — 71) — K.

13Since the shock z is continuously distributed, it is without loss to assume that the voter replaces the
incumbent when indifferent between the incumbent and the citizen.
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We assume the citizen does not run for office when indifferent between running and not
running. This assumption is without loss when the entry cost is positive, since in this case
the probability the citizen is indifferent between running and not running for office is zero.
This assumption constrains the citizen’s behavior when entry is costless, though. Indeed,
when x = 0, it is (weakly) optimal for the citizen to run for office even if their probability
of being selected is zero. The assumption that the citizen enters only if it is strictly optimal
to do so is a reasonable equilibrium refinement. It rules out situations in which the citizen’s
equilibrium behavior when x = 0 cannot be approximated by the citizen’s equilibrium
behavior when & is positive but small.

Let H : [0,1] — [0, 0] be the inverse of the restriction of G to [—6, 6]. The function
H is continuous, strictly increasing, continuously differentiable, and such that H(0) = —0
and H(1) = 0. Since /B € |0, 1] regardless of the entry cost «, the indifference condition

G(m¢ — 7r) = k/ B is equivalent to 7o = 77 + H(k/B). Let

o (7, ) = 771 + H(%). (1)

The next result follows immediately.
Lemma 2. The citizen enters if, and only if, 71c > lc(7r, K).

Lemma 2 implies that the citizen runs for office with an interior probability if, and only
if, Il (77, k) € (0, 1)—the citizen enters with probability one if I (7, k) < 0 and enters
with probability zero if [Io (77, k) > 1. Since Il (7, k) is strictly increasing in s, the
citizen’s probability of entry is responsive to changes in political competition when this

probability is interior.'® Note from Assumption 1 that I1o (7o, ) € (0,1) for all s € [0, &].

3.3 Incumbent’s Effort

To conclude our equilibrium characterization, we consider the incumbent’s choice of effort

in the first period. We begin by determining the probability the incumbent is retained as

1When there exists no horizontal differentiation among politicians, the citizen’s entry decision does not
respond to changes in «. Indeed, when 7 = 0, the citizen enters if, and only if, 7¢ > ;.

11



a function of their reputation in the second period. We then discuss how the incumbent’s
second-period reputation depends on their performance in the first period given the conjec-
ture about their effort. Together, these two pieces of information allow us to the determine
the incumbent’s payoff given their effort and the conjecture about their effort. This, in
turn, allows us to characterize the incumbent’s equilibrium effort since in equilibrium the

incumbent’s optimal choice of effort must coincide with the conjecture about their effort.

Retention. The incumbent is retained either when 7 < Ilo (7, ), and the citizen does
not run for office, or when 7 > [lo (7, k) but z > (me — 77)n/0, and the citizen runs
for office but is not chosen by the voter. The probability (7, <) that the incumbent is

retained when their reputation is 7; and the entry cost is x is then equal to

1
Q(mr, k) = QIle(mr, k) + / 1 — G(m — 7p)]w(m)dm,
max{0,Ilc(7r,x)}
where we adopt the convention that the above integral is zero if IIo (7, k) > 1. The next

result establishes some properties of (7, k); see the Appendix A.1 for a proof.

Lemma 3. The probability ([, k) is continuous, nondecreasing with m; and k, and
strictly increasing with 7y and k if Ue (7, k) € (0,1). Moreover, Q(my, k) is continu-
ously differentiable in the set {(nr, k) € [0,1] x [0,R] : He(my, k) # 0, 1} with

8@ K 6HC

(71, k) = W(HC(WL/{))EW

o (71, K) 2)

forall (7, k) € [0,1] x [0, R] such that N (nr, k) € (0,1).

Given that 1o (7, k) is strictly increasing with 7; and «, it immediately follows that
Q(7r, k) is nondecreasing with 7; and x and strictly increasing with 7; and x as long as
¢ (7, k) is interior. The intuition for (2) is simple. When Il (7, <) € (0,1) and the
probability of entry for the citizen is interior, the marginal increase in the probability the
incumbent is retained following a marginal increase in the cost of entry is proportional to:
(i) the probability the citizen is on the margin between entering and not entering; and (i7)

the increase in the cutoff of entry. Since w(w) > 0 for all 7 € (0,1), we then have that

12



the incumbent’s probability of retention is responsive to changes in the cost of entry if the

citizen’s probability of entry is interior.!”

Belief Updating. Let a° be the voter’s and the citizen’s conjecture about the incumbent’s
effort and 7 (y, a®) be the incumbent’s reputation in the second period when their output
in the first period is y given the conjecture a°. Bayes’ rule implies that

M(yv ae, H)T‘-O
M(ya ac, H>7T0 + :u(y7 ac, L)(l - 7T0) 7

where p(h,a,7) = f(a,7) and pu(¢,a,7) = 1 — wu(h,a, 7). Given that f(a, H) > f(a, L)

Ty, a%) =

for all a € A, it follows that 77 (¢,a) < mp < w1 (h,a) for all a € A. So, the incumbent’s

performance in office is always informative about their ability.

Payoffs and Equilibrium Effort. The incumbent’s payoff depends not only on their effort
a but also on the conjecture about their effort a®. Indeed, as discussed above, the conjecture
a® determines how the incumbent’s reputation responds to their performance in the first

period. When the entry cost is x, the incumbent’s payoff given a and a® is

U(a’ aea "i) =B [f(a, WO)Q(W+(h’ ae)v H) + (1 - f(a, 70))Q<7T+(€’ ae)’ "i)] - C(a)'

Since, by Lemma 3, Q(7 " (h, a®), k) > Q(n" (¢, a®), k) regardless of a and &, it follows
that U (a, a%, k) is concave in a for all a® € A and k € [0, R].

The effort a* is an equilibrium choice of effort for the incumbent when the entry cost
is k if a* maximizes U(a, a*, k); i.e., U(a*,a*, k) > U(a,a*, k) for all a € A. The next

result provides a characterization of the incumbent’s equilibrium choices of effort.

Lemma 4. The effort a* is an equilibrium choice of effort for the incumbent when the entry

cost is k if, and only if,

of

B%(a*,wo) [Q(r*(h,a*), k) — Q(x* (£, a"), k)] = (a”). 3)

"When ¢ is deterministic, Q (77, k) = 1if ll¢ (77, k) > ¢ and Q(77, k) = 1 — G (wc — m1) otherwise.
So, in this case, unless II (7, k) = 7c, the probability Q (7, k) does not respond to small changes in &.
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The interpretation of (3) is straightforward. The left-hand side is the marginal benefit
of effort to the incumbent when the entry cost is x, their effort is a*, and the citizen and
the voter correctly anticipate the incumbent’s behavior. The right-hand side is the marginal
cost of effort a*. The concavity of U(a, a®, k) in a for all a® € A and k € [0, k| implies that
(3) is sufficient for a* € A to maximize U(a, a*, k). In Appendix A.2, we show that (3) is
also necessary for a* € A to maximize U(a, a*, k).

Since, by Lemma 3, the left-hand side of (3) is continuous in a*, the intermediate value
theorem and the Inada conditions on ¢ imply that (3) has a solution for all .'® The In-
ada conditions on ¢ also imply that a* € A can be an equilibrium choice of effort for the
incumbent only if ¢* < @ and that a* = 0 is an equilibrium choice of effort for the incum-
bent only if the incumbent’s probability of retention does not depend on their output when
a® = 0. The latter, however, is not possible as Il (7, x) € (0,1) for all k € [0, %], and so
the incumbent’s probability of retention responds to their performance in office regardless

of a°; see Appendix A.3 for details. Lemma 4 thus admits the following corollary.

Corollary 1. An equilibrium choice of effort for the incumbent always exists and is interior.

4 Preliminaries

Here, we lay down the groundwork for our analysis of the relationship between effective
accountability and political competition. We first discuss the scope for equilibrium multi-
plicity and our approach to comparative statics. We then show that any interior choice of
effort for the incumbent is consistent with equilibrium behavior and provide sufficient con-
ditions for two different interior effort choices to be consistent with equilibrium behavior.

Before beginning with our analysis, we introduce some notation and definitions. Let

MB(a, k) = B%(a,wo) Q" (h,a), k) — Q(r* (L, a), k)]

be the incumbent’s marginal benefit of exerting effort @ when the entry cost is x and the

18Indeed, the left-hand side of (3) is bounded below by 0 = ¢/(0) and above by BAf(0,m)/0a < c'(a).
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other agents correctly anticipate the incumbent’s behavior,

5(&, H) = Q(W+(h’ a)? ’%) - Q(T"Jr(gv a): K“)

be the increase in the incumbent’s probability of retention following a success when their

conjectured choice of effort is a and the entry cost is x, and
A(a, k) = MB(a,r) — (a).

Let 77 (¢) = inf, 7" (¢,a) and 7* (h) = sup, 7" (h, a). We say that the informativeness of
output is bounded if 7+ (¢) > 0 and 7" (h) < 1. Note that 7+(h) < 1 since f(a, L) > 0
for all « € A and success is never perfectly informative of high ability. It is easy to see
that 7+ (¢) > 0 if, and only if, f(@, H) < 1 and failure is never perfectly informative of
low ability. Finally, we say that effort increases the informativeness of output if 77 (h, a)
is increasing with a and 77 (¢, a) is decreasing with a and say that effort decreases the

informativeness of output if the opposite takes place.

4.1 Equilibrium Multiplicity

Clearly, there exists a unique equilibrium choice of effort for the incumbent when the entry
cost is x if M B(a, k) is nondecreasing with a. On the other hand, multiple equilibrium
choices of effort for the incumbent can arise when M B(a, ) is not decreasing with a, in
which case (3) can have multiple solutions; see Figure 1. To see why M B(a, k) need not
be decreasing with a, note that while the strict concavity of f implies that f(a, my)/0a is
strictly decreasing with a, the difference d(a, ) need not be decreasing with a. A necessary
condition for this is that effort does not decrease the informativeness of output.'” At the
end of this section, we show that if the average marginal benefit of effort, M B(a, k)/a,
is nondecreasing with @ in (0, @), then, for a suitable choice of the cost function, there

exist multiple equilibrium choices of effort for the incumbent when the entry cost is k. We

9We show in Camargo and Degan [2023] that effort increasing the informativeness of output is not suffi-
cient for M B(a, x) to be nondecreasing with a. So, the equilibrium can be unique even when effort increases
the informativeness of output.
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Figure 1: Equilibrium Multiplicity

provide an example of a production function for which M B(ay, k)/a < M B(as, k)/as for

some 0 < a; < ay < @ in the proof of Proposition 2 in the next section.

4.2 Comparative Statics

It follows from Lemma 4 that the incumbent’s incentive to exert effort when their con-
jectured effort is a and the entry cost is « is proportional to the increase d(a, <) in their
probability of retention following a success. By affecting the citizen’s entry decision, a
change in the entry cost affects the incumbent’s probability of retention conditional on
their reputation, thus changing d(a, k) for all @ € A. This, in turn, alters the incumbent’s
incentive to exert effort, and so their equilibrium choice of effort.

When the incumbent’s equilibrium choice of effort is unique for every entry cost, one
can show that the response to a change in political competition is unambiguous: if a* is
the incumbent’s equilibrium choice of effort given an entry cost «, then a change in ~ that
increases (respectively, decreases) d(a*, k) leads to higher (respectively, lower) effort.?
However, as discussed above, multiple equilibria arise naturally in our setting. Thus, in our

analysis, we rely on local comparative statics analysis using the implicit function theorem.

20See Camargo and Degan [2023] for details.
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Suppose a* 1s an equilibrium choice of effort for the incumbent when the entry cost
is kg € (0,7). If A(a, k) is continuously differentiable in a neighborhood of (a*, k() and
OA(a*, kg)/Da # 0, then the implicit function theorem implies that there exist open sets
E C (0,@)and F' C (0,&) with (a*, kg) € E x F and a continuously differentiable function
a* : F' — E such that A(a,x) = 0 for (a,x) € E x F if, and only, if a = a*(k); i.e.,
a*(k) is the unique equilibrium choice of effort for the incumbent in a neighborhood of
a* when the entry cost x is in a neighborhood of k,. Totally differentiating the equation
A(a*(k), k) = 0 at Kk = kg and solving for da*(kg)/da yields

da* () = ~OA(a", ko)/Ok _ BOf(a”, ko)/Oa 0
de T OA(a* ko) /0a 0N (a*, ko) /Oa Ok

(CL*, "10)' (4)

The derivative in (4) describes the effect on the incumbent’s equilibrium choice of effort of
a local change in the entry cost. It makes explicit how the incumbent’s equilibrium behavior
responds to changes in d(a, k).

As is well known, in the presence of multiple equilibria, local comparative statics anal-
ysis using the implicit function theorem can lead to ambiguous results in the sense that if
a7 and aj are equilibrium choices of effort for the incumbent given an entry cost x, then
local changes in the entry cost that change d(a?, k) and d(a%, ko) in the same direction can
lead to opposite changes in the incumbent’s effort. So, as is standard, we restrict attention
to stable equilibria. When the entry cost is xg, an equilibrium in which the incumbent’s
choice of effort is a* is stable if A(a, k) is continuously differentiable in a neighborhood
of (a*, ko) and OA(a*, kg)/da < 0.

Restricting attention to stable equilibria ensures that a local change in political compe-
tition leads to an unambiguous and economically meaningful response in the incumbent’s
behavior: if the incumbent’s equilibrium choice of effort is a* when the entry cost is ko,
then a local change in the entry cost that increases (respectively, decreases) 0(a*, ko) leads
to higher (respectively, lower) effort. So, our indeterminacy results are not driven by the
selection of equilibria in which the incumbent’s behavior responds in an implausible way

to chances in the increase in the probability of retention following a success.
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We conclude this part with some remarks about our equilibrium refinement. First note
that if M B(a, k) is nondecreasing with a, then the unique equilibrium is stable if M B(a, k)
is continuously differentiable. Also note from Lemma 3 that if Tl (7 (a*,y), ko) # 0,1
for all y, then A(a, k) is continuously differentiable in a neighborhood of (a*, k). So, the
requirement that A(a, ) is continuously differentiable in a neighborhood of (a*, k) if a* is
an equilibrium choice of effort for the incumbent when the entry cost is kg can fail to hold
only in knife-edge cases. Moreover, since H(r/B) € [—0,0] for all k € [0, 7], it follows
that I (7" (y,a), k) € (0, 1) regardless of a, y, and x when < min{zx"(¢),1 —7(h)}.
Thus, A(a, k) is continuously differentiable if 6 is small enough when the informativeness
of output is bounded. Finally, note that if a* is the unique equilibrium choice of effort for
the incumbent when the entry cost is kKp—or, more generally, if a* is the highest equilibrium
choice of effort for the incumbent when the entry cost is xo—and I (7 (y|a), ko) # 0,1
for all y, then one can perturb the cost function c so that a* remains the unique (or highest)

equilibrium effort choice for the incumbent and the equilibrium is stable.?!

4.3 Rationalization

We first show that regardless of the entry cost, every a* € (0,a@) can be an equilibrium
choice of effort for the incumbent for a suitably chosen cost function. Moreover, we can
choose this cost function in such a way that if the entry cost is «, then a* is the incumbent’s
unique equilibrium choice of effort and, in case M B(a, ) is continuously differentiable in
a neighborhood of (a*, k), the equilibrium is stable. In what follows, we say that a cost
function c is admissible if it is twice continuously differentiable, increasing, convex, and
satisfies the Inada conditions described in Section 2. Recall that besides the cost function
and the entry cost, the primitives of the model are the probability 7, that politicians are
of high type, the production function f, the distribution of the citizen’s reputation €2, the
benefit of holding office B, the voter’s payoff from a success S, and the distribution of the

incumbent-specific preference shocks I'.

2ISee Camargo and Degan [2023] for details.
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Lemma 5. Fix all the model’s primitives but the cost function. For each a* € (0,a), there
exists an admissible cost function c such that a* is the unique equilibrium choice of effort
for the incumbent when the cost function is c. Moreover, for all ky € [0,R| such that
M B(a, k)/0a is continuously differentiable in a neighborhood of (a*, ko), we can choose

c so that the equilibrium is stable when the entry cost is k.

Lemma 5 is intuitive. Indeed, let «* € (0, @) and suppose the entry cost is k. Since
M B(a*, ko) is positive by the proof of Corollary 1 and M B(a, ) is bounded above by
BOf(0,m)/0a, an admissible cost function ¢ with ¢/(a*) = M B(a*, ko) clearly exists.
In Appendix A.4, we show that we can choose ¢ to be such that ¢(a) # M B(a, ko) for
all a # a*, in which case a* is the unique equilibrium choice of effort for the incumbent.
Moreover, we show that if M B(a, x) is continuously differentiable in a neighborhood of
(a*, ko), then we can choose ¢ so that OM B(a*, ky)/0a < ¢’(a*) and the equilibrium is
stable as well. A sketch of the argument is as follows. First, we show that there exists a
nondecreasing piecewise linear function ¢ : A — R with ¢(0) = 0, ¢(a) < M B(a, ko) for
all a < a*, ¢(a) > M B(a, ko) for all @ > a*, and ¢(a) > BIf(0,m)/0a; see Figure 2.
Moreover, ¢ is such that OM B(a*, ko) /da < ¢'(a*) if OM B(a*, kg)/Oa exists.*> We then
show that we can approximate ¢ by a continuously differentiable function A\ with the same
properties. The function ¢ : A — R with ¢(a) = [ A(s)ds is the desired cost function.

We now show that if the average marginal benefit of effort M B(a, k) /a is nondecreas-
ing with effort, then multiple effort choices for the incumbent are consistent with equilib-
rium behavior. Also, if M B(a, k) is continuously differentiable, then these effort choices

are equilibrium effort choices in stable equilibria under an additional technical assumption.

Lemma 6. Fix all the model’s primitives but the cost function and let kg be the entry cost.

If there exist 0 < a; < ay < @ with M B(ay, ko)/a1 < M B(as, ko) /a9, then there exists

22For such a function to exist, it is sufficient that 7(a) = (M B(a, ko) — M B(a*, k0))/(a—a*) is bounded
in A\ {a*}. For simplicity, we assume in the proof of Lemma 5 that OM B(a*, ko) /0a exists, so that r(a)
has the desired property. In Camargo and Degan [2023], we show that this assumption is not necessary.

23The cost function c is neither strictly increasing nor strictly convex. We can alter ¢ so that it becomes
strictly increasing and strictly convex by changing the function ¢ so that it, and thus ), is strictly increasing.
It is clear from the proof of Lemma 5 that the cost function c is not unique.
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Figure 2: Rationalization of Unique Stable Equilibrium

an admissible cost function c such that a, and ay are equilibrium effort choices for the
incumbent when the cost function is c. Moreover, if M B(a, k) is continuously differentiable
and OM B(ay, ko)/0a < M B(ag, ko)/as, then we can choose ¢ such that a, and ay are

effort choices for the incumbent in stable equilibria.

A sketch of the proof of Lemma 6 is as follows; details are in Appendix A.S. Let the
entry cost be kg and suppose 0 < a; < as < a satisfy M B(ay, ko)/a1 < M B(as, Ko)/as.
We can construct a nondecreasing piecewise linear function ¢ : A — R with ¢(0) = 0,
¢(a;) = MB(a;, ko) fori = 1,2, and ¢(a) > BIf(0,m)/da; see Figure 3. As in the
proof of Lemma 5, we can approximate ¢ by a continuously differentiable nondecreasing
function A with A\(0) = 0, A(a;) = M B(a;, ko) for each i, and \(a) > BOf(0,m)/0a.
Hence, ¢ : A — R with ¢(a) = ;' A(s)ds is an admissible cost function such that a; and
a9 are equilibrium choices of effort for the incumbent when the cost function is c. We show
that if M B(a, ) is continuously differentiable, then we can construct ¢, and thus A, so that
a9 1s an equilibrium choice of effort for the incumbent in a stable equilibrium when the cost
function is c. Moreover, we show that if OM B(ay, ko) /0a < M B(as, ko) /as, then we can
take c to be such that a, is also an equilibrium effort choice for the incumbent in a stable

equilibrium if the cost function is c.
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a
Figure 3: Rationalization of Multiple Stable Equilibria

The second part of Lemma 6 requires the stronger assumption that M B(a, k) is con-
tinuously differentiable. We know from above that this is the case if the informativeness
of output is bounded as long as horizontal differentiation is small enough. In Camargo
and Degan [2023], we strengthen Lemma 3 to show that if the distribution of the citizen’s
reputation (2 is such that w(0) = w(1) = 0, then Q(77, &) is continuously differentiable.?*

This, in turn, implies that M B(a, k) is continuously differentiable when w(0) = w(1) = 0.

5 Effective Accountability and Political Competition

We now study the relationship between effective accountability and political competition.
Since we do local comparative statics analysis using the implicit function theorem, in what

follows we understand changes in political competition as local changes.

5.1 Indeterminacy

We know from Lemma 3 that the incumbent’s probability of retention after a given output

realization does not increase with the entry cost and decreases strictly with the entry cost

2Tntuitively, w(0) = w(1) = 0 implies that the probability the citizen is indifferent between entering or not
does not jump discontinuously when the cutoff of entry Il (7, ) crosses the boundary of the unit interval.
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if the citizen’s probability of entry is interior. So, for any a € (0,a@) and k € (0, %), the
impact of a reduction in x on §(a, ) is ambiguous: it depends on whether the reduction in
the citizen’s probability of retention after a success is greater or smaller than the reduction
in the citizen’s probability of retention after a failure. So, a priori, the impact of an increase
in political competition on effective accountability can either be positive or negative. We
leverage this observation to establish our indeterminacy results.

The first indeterminacy result we establish is that if there exist «* € (0,a) and kg €
(0, K] such that the probability of entry for the citizen is interior regardless of the incum-
bent’s performance when the incumbent’s conjectured effort is a*, then the incumbent ex-
erting effort a* is consistent with equilibrium behavior both in an stable equilibrium in
which an increase in political competition increases effective accountability and in an sta-
ble equilibrium in which an increase in political competition has the opposite effect. More-
over, we can ensure that a* is the unique equilibrium choice of effort in both cases. In what
follows, we say that a cumulative distribution function 2 is an admissible distribution of

the citizen’s reputation if it has support [0, 1] and a continuous density in (0, 1).

Proposition 1. Let the entry cost be ko € (0,E] and fix all other primitives of the model
but the cost function ¢ and the distribution of the citizen’s reputation §). If there exists

a* € (0,a) with
0 <Tle(nt(€,a*), ko) < Ie(nt(h,a*), ko) < 1, ®)

then there exist admissible cost functions ¢, and co and admissible distributions of the
citizen’s reputation )y and )y such that: (i) a* is the incumbent’s unique equilibrium
choice of effort either when ¢ = ¢, and €} = Q1 or when ¢ = ¢y and ) = (o, (ii) the
equilibrium is stable in both cases; and (iii) an increase in political competition increases

effective accountability in one case but decreases it in the other.

Given that |H(k/B)| < 6 and 7" (y, a) is interior, for any a* € (0,a) and k € (0,7],
condition (5) holds if # is small enough. Moreover, if the informativeness of output is

bounded, then (5) holds for all a* € (0,a) and ko € (0,7] if 6 < min{z*({),1 —7"(h)}.
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Proof of Proposition 1. Consider a* € (0,a) for which (5) holds. Let €2; and €2, be ad-
missible distributions of the citizen’s reputation with densities w; and w- with the property
that w(Ilg (7" (h,a*), k) < w(Ilc(II*(¢,a*), k)) if w = w; and the opposite inequality
holds if w = w,. Lemma 5 implies that for each (2;, there exists an admissible cost func-
tion ¢; such that a* is the unique equilibrium choice of effort for the incumbent in stable
equilibria when the cost function is ¢; and the distribution of the citizen’s reputation is €2;.
Now let d;(a, k) = Q;(nt(h,a), k) — Qi(7" (¢, a), k), where Q;(7, k) is the incumbent’s
probability of retention as a function of their second-period reputation and the entry cost
when the distribution of the citizen’s reputation is €2;. The desired result follows since

Ol (my, k)/Ok is independent of 7; and so, by Lemma 3,

00;
Ok

(a*, ko) o< wi(a(mt (h,a*), k) — wi(Tla(mt (L, a*), ko). O

The idea behind Proposition 1 is simple. The response of the incumbent’s effort to a
change in political competition depends on how sensitive to changes in political compe-
tition is the citizen’s entry decision after each output realization by the incumbent. An
increase in political competition increases effective accountability if the citizen’s entry de-
cision after a failure is more responsive to this change in the entry cost than the citizen’s
entry decision after a success, and decreases otherwise. Lemma 5 shows that both situations
are compatible with the same equilibrium choice of effort for the incumbent.

The second indeterminacy result we establish is that if horizontal differentiation is suffi-
ciently small, then, regardless of the entry cost, multiple stable equilibria can exist in which

effective accountability reacts in opposite directions to an increase in political competition.

Proposition 2. There exists > 0 such that if § < 0, then for every entry cost r € (0, &]
there exist choices of the other primitives of the model for which multiple stable equilibria
exist with the property that an increase in political competition increases effective account-

ability in one of these equilibria but decreases effective accountability in another.

A sketch of the proof of Proposition 2 is as follows; see Appendix A.6 for the details.

First, we show that for every entry cost x and distribution of the citizen’s reputation {2, we
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can find a production function f and interior effort choices a; < ay with the property that
MB(ay,k)/a; < MB(ag, k)/as and OM B(ay, k)/0a < M B(as, k)/as if the production
function is f.° So, by Lemma 6, the efforts a; and a, are equilibrium effort choices for the
incumbent in stable equilibria for a suitable choice of cost function. Moreover, similarly
to the proof of Proposition 1, we show that when horizontal differentiation is sufficiently
small, we can choose (2 in such a way that the incumbent’s effort choices in these two
equilibria respond in opposite directions to a decrease in the entry cost.

Propositions 1 and 2 do not concern how the set of equilibrium effort choices for the in-
cumbent depends on the entry cost. The final result we establish in this subsection comple-
ments these propositions by showing that effective accountability need not be maximized

in stable equilibria when the entry cost is zero.

Proposition 3. Fix all the model’s primitives but the cost function, the distribution of the
citizen’s reputation, and the entry cost. If < 7 ({) = sup, 7wt (¢, a), then there exist an
admissible cost function c and an admissible distribution of the citizen’s reputation 2 such
that effective accountability is not maximized in stable equilibria when entry is costless if

the cost function is ¢ and the distribution of the citizen’s reputation is ().

A sketch of the proof of Proposition 3 is as follows; see Appendix A.7 for the details.
Since § < 7 (), there exists a* € (0,a) with § < 77 (¢,a*). Suppose the distribution
of the citizen’s reputation has a density w with w(7 ™ (h,a*) — 0) > w(7™ (¢, a*) — ) and
choose the cost function to be such that a* is the unique equilibrium choice of effort for
the incumbent in stable equilibria when entry is costless. We show in Appendix A.7 that
the stability and uniqueness of equilibria when x = 0 implies that there exists k € (0, &)
such that if the entry cost is x € (0, k), then the incumbent’s equilibrium choice of effort is
unique, differentiable with respect to «, and such that it converges to a* when « decreases

to zero. Totally differentiating the equilibrium condition A(a*(k), k) = 0 with respect to

25The production function f in the proof of Proposition 2 has the property that 7+ (h, a) does not depend
on a. It is possible to extend the argument in the proof to the case in which f is such that 77 (h, a) is strictly
increasing with a.
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K, we obtain that

A da* 0A -
g (@ (K), &) ——(r) + ——(a"(k), k) = 0
for all K € (0, k). Since 9A(a*,0)/0a < 0 by construction, OA(a*(k), k)/da < 0if K is

small enough, ensuring stability of equilibria when & is close to zero. Moreover, since

%
Ok

* + * E _ + * E
(a*(K), k) x w (7r (h,a*(r)) + H (B)) w (7r (0,a"(k))+ H <B>)
and lim, 0 H(k/B) = —#, it follows that 0A(a*(k), k)/0x > 0 reducing x further if

necessary. So, da*(k)/dk > 0 for k close to zero, which establishes the desired result.

5.2 Determinacy

As it turns out, there are conditions under which the response of d(a, k) to a change in the

entry cost is unambiguous. For instance, suppose there exists g € (0, %] such that
0 <Ile(nt (4, a), ko) <1< Ie(rt(h,a), ko) forall a€ (0,a) (6)

and the citizen never enters after the incumbent succeeds when the entry cost is x¢. In this
case, 0(a, ko) is locally decreasing with the entry cost for all a € (0, @), and an increase in

political competition always increases effective accountability. Likewise,
He(nt (4, a), ko) <0 < Te(nt(h,a), k) < 1 forall a € (0,a) (7)

for some ¢ € (0,%|, then an increase in political competition always decreases effective
accountability when the entry cost is xy. Conditions (6) and (7) are rather stringent, though.
In particular, as discussed after the statement of Proposition 1, they never hold if horizontal
differentiation is sufficiently small.

We now show that sharper determinacy results are possible if one imposes conditions
on the distribution €2 of the citizen’s reputation. The proof of Proposition 4 below follows
immediately from the fact that if the cutoffs ITo (7" (¢, a*), ko) and I (7t (h, a*), ko) are
interior, then the difference w (Il (7" (h,a*), ko)) — w(llc(mt (¢, a*), ko)) is positive if Q

is strictly convex in [0, 1] and negative if (2 is strictly concave [0, 1].
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Proposition 4. Let the entry cost be ko € (0, ] and suppose a* € (0,a) is such that
0 < Te(nt(¢,a*), ko) < Te(nt(h,a*), ko) < 1.

If the distribution of the citizen’s reputation is strictly concave (respectively, strictly con-
vex), then any stable equilibrium in which a* is the incumbent’s equilibrium choice of effort
has the property that an increase in political competition increases (respectively, decreases)

effective accountability.

The intuition for Proposition 4 is straightforward. When €2 is strictly concave in [0, 1],
the citizen’s entry decision after a success is less responsive to changes in political compe-
tition than the citizen’s entry decision after a failure. On the other hand, when €2 is strictly
convex in [0, 1], the citizen’s entry decision after a success is more responsive to changes in
political competition than the citizen’s entry decision after a failure. The logic of the proof
of Proposition 1 shows that in the first case, an increase in political competition always
increases effective accountability, while in the second case an increase in political compe-
tition always decreases effective accountability. The next result follows immediately from

Proposition 4 and the discussion that follows Proposition 1.2

Corollary 2. Suppose output has bounded informativeness. If § < min{zx*(¢),1—7*(h)},
then an increase in political competition increases (respectively, decreases) effective ac-
countability in any stable equilibrium when the distribution of the citizen’s reputation is

strictly concave (respectively, strictly convex).

6 Many-Challengers Extension

In this section, we extend our analysis to the case in which the number of citizens can

be greater than one and the incumbent faces one challenger for sure. We show that our

2When M B(a, ) is decreasing with a for all , such as when effort decreases the informativeness of
output, one can extend Corollary 2 to show that if 6 is small enough, then effort is maximized (respectively,
minimized) in stable equilibria when the distribution of the citizen’s reputation is strictly concave (respec-
tively, strictly convex).
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indeterminacy results remain the same. However, all else constant, entry after a success
becomes more responsive to an increase in political competition than entry after a failure.
Moreover, under mild technical assumptions, for any distribution of the citizen’s reputa-
tion, an increase in political competition decreases effective accountability in every stable
equilibrium when the number of potential entrants is sufficiently large.

Consider first the case in which besides the citizen, who needs to pay an entry cost to
become a challenger, there exists an established challenger, who always runs for office. The
established challenger’s reputation is also random and drawn from the same distribution
as the citizen’s reputation. These reputations are independent and publicly revealed at
the beginning of the second period, before the citizen decides whether to enter. All other
features of the model are the same, including the shock z to the voter’s payoff from keeping
the incumbent in office. So, except for the zero-probability case in which the citizen and
the established challenger have the same reputation, the voter’s choice is either between the
incumbent and the established challenger or between the incumbent and the citizen.

Let mpc be the established challenger’s second-period reputation and, as in the baseline
model with only the citizen, let 7 and 7; be, respectively, the citizen’s and the incumbent’s
second-period reputations. Now let: (i) Q(7y, k; Tpc) be the incumbent’s probability of
retention when their reputation is 7; and the entry cost is s, conditional on the established
challenger’s reputation; and (if) Q (7, k) be the incumbent’s probability of retention when

their reputation is 7; and the entry cost is x. Note that

1
Q(my, k) = / Q(7r, k; m)w(m)dr.
0
We determine Q)(77, ) in what follows.
First, note that the citizen enters if, and only if, 7c > max{mgc, (7, )} and the
voter’s choice is between the citizen and the incumbent—we assume, without loss, that if

mc = Tpc and the voter is indifferent between the citizen and the established challenger,

then the voter selects the latter when they prefer to replace the incumbent.?” Now note that

?"Indeed, the citizen only enters if 7o > mgc. In this case, the citizen’s payoff from entering is the same
as in the baseline model, BG(m¢ — my) — K, in which case the citizen enters if, and only if, 7¢ > Ilo(7y, ).
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the incumbent is retained either when the citizen does not enter and the voter prefers the
incumbent to the established challenger or when the citizen enters and the voter prefers the

incumbent to the citizen. So, for all 7gc € [0, 1],

Q(my, k;mpe) = Qmax{rec, Ue(m, k)Pl — G(mepe — 77)]

_|_/ [1 — G(ﬂ' — WI)]W(W)dﬂ';

max{rgc,llc(rr,5)}
recall that if the challenger’s reputation is 7, then the voter retains the incumbent with

probability 1 — G(m — 7). From this, it follows that
1
Q(mr, k) = / 1—G(r — mp)]w(r")dr’
0
1 1
—i—/ (/ G(rn" — 7)) — G(m — WI)]w(W)dW)w(W/)dW'.
0 max{n’' ¢ (mr,k)}
The interpretation of QQ(7y, k) is straightforward. The first term is the (ex-ante) probability
of retention for the incumbent when the citizen does not enter. The second, negative, term
is the decrease in the incumbent’s probability of retention due to the citizen’s entry.
As in the baseline model with no established challenger, (7, ) is continuous, nonde-
creasing with 7; and k, strictly increasing with 7; and « if the cutoff I1o(7;, k) is interior,
and continuously differentiable in {(7/, x) € [0,1] x [0,&] : Ilo(7r, k) # 0,1}. Now let

max{0,Il¢(7r,k)} B
0

K
Note that A(7y, k) > 0 if, and only if, I (7, k) > 0. We show in Appendix A.8 that

90 K Ol

— (11, k) = XMy, k)w(e (7, ;-q;))EW

Ok <7TI7 '%) (8)

for all (77, k) € [0,1] x [0, %] such that [T (77, k) € (0,1).
The partial derivative in (8) differs from the one in (2) by the factor A(77, k). This term
adjusts 0Q (7, k)/Ok to account for the fact that now the incumbent always faces at least

one challenger. Since A(m7, k) < 1 when Il (77, ) € (0, 1), the incumbent’s probability

of retention is less responsive to changes in x than in the baseline model. The intuition for
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this is simple: the citizen’s entry has a smaller impact on the incumbent’s probability of
retention when there exists an established challenger than when only the citizen is present.
Also note that (7, k) is strictly increasing with 77 if Il (77, £) € (0,1). So, holding all
else constant, the incumbent’s probability of retention is more responsive to changes in the
entry cost when the incumbent’s reputation is high than when the incumbent’s reputation
is low. The intuition for this second fact is as follows. When 7; is low, the presence of
the established challenger ensures that the incumbent’s probability of retention is small
regardless of the citizen’s entry decision. So, changes in the entry cost have a small impact
on Q(7y, k). On the other hand, when 7, is high, whether the citizen becomes a challenger
or not matters for the incumbent’s probability of retention, as the citizen enters only if their
reputation is high enough for the race for office to be competitive.

We now show that our indeterminacy results extend to the case considered here. We
begin with Proposition 1. Let the entry cost be o € (0, %] and suppose a* € (0, @) is such

that the cutoffs I (7" (¢, a*), ko) and I (7t (h, a*), ko) are both interior. Then, by (8),

%(a*, ko) o< AM(mF(h, a*), ko)w(Ila(nt (R, a*), ko))

X7t (4, a"), ko)w(Tla(nt (L, a*), ko). )

Given that A(7T(h,a*), ko) > M7t (¢, a*), ko), the right-hand side of (9) is positive if
w(IIe(mt(h,a*), ko)) > w(lla(mT(¢,a*), Ko)). On the other hand, since (7 (¢, a*), ko)
does not depend on the values of w(r) for 7 > Tlo (7 (¢, a*), ko) and A(w T (h, a*), ko) is
bounded above, we can choose 2 so that A(7 (¢, a*), ko)w(Ic (7" (¢, a*), ko)) is bounded
away from zero while A\(7 " (h, a*), ko)w(Ilc(m T (h, a*), ko)) is arbitrarily close to zero. In
this second case, the right-hand side of (9) is negative. So, we can extend the proof of
Proposition 1 to the established-challenger case. It is easy to see from this discussion that
we can also extend the proof of Proposition 3 to the established-challenger case.

The proof of Proposition 2 does not readily extend to the established-challenger case,
though. We know that for every entry cost x and distribution of the citizen’s reputation

), one can choose the production function f so that interior effort choices a; < ay with
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MB(ay,k)/ay < MB(ag, k)/as and OM B(aq, k)/0a < M B(as, k)/as exist—the pres-
ence of the established challenger does not matter for this result. So, a; and a, are equi-
librium choices of effort for the incumbent in stable equilibria for a suitable choice of cost
function. The argument in the proof of Proposition 2 that we can choose €2 so that the in-
cumbent’s effort choices in these two equilibria respond in opposite directions to a decrease
in the entry cost does not apply in the established-challenger case, though. Nevertheless,
we show in Appendix A.9 that we can adapt it to the established-challenger case.

Since the adjustment factor (7, k) increases with the incumbent’s reputation, the de-
terminacy results of Section 5 extend only partially to the established-challenger case. In-
deed, \(77, k)w(Ilo(7y, K)) is strictly increasing with 77 if I1 (77, ) is interior when €2 is
weakly convex in [0, 1]. So, if the distribution of the citizen’s reputation is convex, then,
when the entry cost is ko € (0, K], an increase in political competition reduces effective ac-
countability in any stable equilibrium in which a* € (0, @) is the incumbent’s equilibrium
choice of effort if 0 < Il (7t (¢, a*), ko) < He(nt(h,a*), ko) < 1. However, unlike in
the baseline model, we no longer can say that the opposite holds when the distribution of
the citizen’s reputation is concave, as now the incumbent’s probability of retention is more
sensitive to increases in political competition when the incumbent’s reputation is high.

We conclude the discussion in this section by considering the case in which besides
the established challenger there are N > 2 citizens who decide whether to run for office
in the second period. The timing of events in the first period is as in the baseline model.
In the second period, the citizen’s reputations, which are independent of each other and
independent of the established challenger’s reputation, become publicly known and the
citizens simultaneously decide whether to run for office. Following the citizen’s entry
decisions, the voter observes the realization of the shock z to their payoff from keeping the
incumbent and chooses which politician to put in office.

In order to compute the retention probability (Q(7;, k), note first that only the citizen

28

with the highest reputation considers entering.”® Also, the entry decision of this citizen

28We ignore the zero-probability event in which two or more citizens have the same reputation.
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is the same as the citizen’s entry decision in the established-challenger extension with a
single citizen: enter if, and only if, their reputation is greater than max{mgc, llc(7r, k) }.
Let ¥ be the cumulative distribution function of the highest-reputation citizen’s reputation;

by definition, ¥(7r) = Q(7)". The same argument as above shows that

Q(mr, k;mpe) = V(max{rgc, o(nr, k) })[1 — G(rpe — 1))

—l—/ 1 — G(m —7p)]Y(r)dr,

max{rgc Ilc(mr,k)}
where ) is the density of ¥. From this point on, the analysis is the same as above with W

and ® in place of {2 and w, respectively. In particular, if I (7, k) € (0, 1), then

0 oIl
a_g(”““) = vl 0¥ (Mo, 1)) 5 25

(ﬂ-[? ’i)v

where
max{0,llc(7,x)} B
v(mr, K) = / [1 - EG(W N m)] vl
0

is strictly increasing in 7y if I (77, k) is interior.

It is immediate to see that our indeterminacy results extend to this second case as there
exists a one-to-one map between ¥ and (2, and thus between v and w. Since for all N > 2
the function ¥ is strictly convex in [0, 1] if Q is, the partial determinacy results in the
established-challenger extension also hold when the number of citizens is greater than
one. In fact, stronger determinacy results are possible under mild technical assumptions
on the distribution of the citizen’s reputation. Suppose (2 is twice continuously differen-
tiable in [0, 1] and such that its density w is bounded away from zero.”* A straightfor-
ward argument shows that ¥ = QO is strictly convex if NV is large enough.*® So, even
when the distribution of the citizen’s reputation is concave, an increase in political com-
petition can decrease effective accountability in all stable equilibria if the number of cit-

izens is large enough. This is also true in the absence of the established challenger, as

2When (2 is concave in [0, 1], this condition holds if «’(0) is finite and w(1) > 0.

*ndeed, ¥ (7) oc (N —1)(w(m))? 4 Q(m)w’ (7). Since inf (0,1 w(m) > 0 and sup ¢ 1 [« (7)| < o0,
it follows that "/ (7r) > 0 for all 7 € [0, 1] if N is large enough. Note that Q2 can be convex for N large
even if ) does not satisfy the conditions discussed in the text, such as when Q(7) o< 7 with « € (0, 1).
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0Q(mr,k)/0k ox Y(Ilg(7, k)0l /Ok in this case and so the analysis proceeds as in the

baseline model with ¥ = Q¥ in place of ().

7 Concluding Remarks

In the political sector, the wedge between the private and social returns to effort creates
the need of institutional arrangements to provide politicians with an incentive to behave
in the voters’ interest. In democracies, these incentives are provided by the possibility of
reelection. For reelection incentives to work, however, voters need to credibly commit to
reward a good performance and punish a bad one. Political competition helps voters punish
a bad performance by providing them with alternatives to an incumbent politician. Politi-
cal competition makes the promise of rewarding a good performance through retention less
credible, though. We show that this tension between the good and the bad aspects of po-
litical competition implies that the relationship between political competition and effective
accountability is undetermined in the sense that an increase in political competition can
be associated with both an increase and a decrease in effective accountability. Moreover,
effective accountability need not be maximized when challenging an incumbent politician
is costless. We also provide economically meaningful conditions under which increasing
political competition has a monotonic impact on effective accountability and show that in-
creasing the number of potential challengers to incumbent politicians increases the scope
for an increase in political competition to unequivocally reduce effective accountability.
Our analysis focuses on the impact of political competition on effective accountabil-
ity. Political competition also matters for electoral selection, though. Indeed, a change in
political competition directly affects electoral selection by changing the citizen’s decision
to run for office: all else constant, a reduction in the cost of entry makes it more likely
that the citizen runs for office. A change in political competition also indirectly affects
electoral selection by changing the incumbent’s effort. This affects the informativeness

of the incumbent’s performance in office, which, in turn, affects both the voter’s retention
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decision and the citizen’s entry decision—the latter depends on the incumbent’s reputation
(which depends on the incumbent’s equilibrium effort). The impact of political competition
on electoral selection begs the question of what is the relationship between political com-
petition and voter payoffs, which depend not only on effective accountability but also on
electoral selection. Clearly, all else constant, an increase in political competition increases
voter payoffs by increasing the set of candidates available for the voter to choose in the sec-
ond period. Nevertheless, we show in Camargo and Degan [2023] that our indeterminacy
results extend to voter payoffs and that voter payoffs need not be maximized when entry is

costless. So, our message extends beyond accountability considerations.
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A Appendix: Omitted Proofs and Details

Here, we provide all proofs and details that were omitted from the main text.

A.1 Proof of Lemma 3
Notice that Q(7;, k) = 1 if [lo(77, ) > 1 and that
1

Q(mr, k) =1— G(m — mp)w(m)dr (10)

max{0,Ilc(7r,k)}

otherwise. Since G(m — 7;) is nonincreasing with 7y for all # € [0,1] and I (7, ) is
strictly increasing with 7; and k, it follows that Q(7, k) is nondecreasing with 7; and &
and strictly increasing with 7; and « if (7, k) € (0,1). The continuity of Q(7;, k)
in follows from the fact that the map (x,7;) fxl G(m — m)w(m)dr is continuous by
dominated convergence theorem.?!

We now compute the derivatives 0Q(y, k) /On; and 0Q(7y, k)/Ok and show that they
are continuous in (77, k) when Il (7, k) # 0, 1. First notice that 0Q /0w (7, k) = 0 and
0Q/0k(my, k) = 0if e (77, k) > 1 and that

9Q

a—m(m, K) = /0 G' (7 — 7p)w(m)dm

and 0Q(rr,k)/0k = 0 if (77, k) < 0. Consider then the case in which Ilo(7y, k) €
(0,1). Since (7, k) is differentiable in 7; and & for all (77, k) € [0,1] x [0,&] and

G(Ilg (7, k) — 7r) = k/ B, the fundamental theorem of Calculus implies that

a 1
—Q(m, k) = w(llo(rr, k)= + / G (1 — mp)w()dr.
oy B Ilg(mr,k)
and
9 Tl
a_f(”f’“) = w(lle(mr, 1)) 35 5. (71, 1)

Clearly, 0Q(my, k)/0k is continuous if Il (7, k) # 0, 1. The continuity of 0Q (7, k)/07;

in the same set follows from the dominated convergence theorem.

31 Just note that fml G(r — mp)w(r)dr = fol F(z, 7, m)dm, where F(x, 71, m) = Ijy 11 (m)G (7 — 7 )w ()
and I, q) is the indicator function of the interval [z, 1].
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A.2 Proof of Lemma 4

We established the sufficiency of (3) in the main text. In order to establish necessity, sup-
pose a* € A maximizes U(a,a*, k). Note that a* < @, for ¢/(a) > BOf(0,m)/0a implies
that OU (@, a®, k) /Oa < O for all a® € A. Now note that a necessary condition for a* € [0,a)
to maximize U (a, a*, k) is that OU (a*, a*, k) /0a < 0 with OU (a*, a*, k) /O0a = 0 if a* > 0.
Since ¢/(0) = 0 implies that OU (0, a, x)/0a > 0 for all a® € A, it also follows that

oU (a*,a*, k) /0a = 0 if a* = 0. Thus, condition (3) is necessary as well.

A.3 Proof of Corollary 1

Since 7 (¢, a®) < my < 7t (h,a®) forall a® € A and 1 (m, k) € (0, 1) forall k € [0, 7], it
follows that I (77 (¢, a%), k) < 1 and He (7t (h, a®),x) > 0 forall a® € A and k € [0,R].
So, Q(7*(h,a%),k) > Q(n*(¢,a), k) regardless of a® and . This, in turn, implies that
the left-hand side of (3) is positive for all «* € [0,a), so a* = 0 does not solve (3); note

that 0f (a,7)/0a > 0 for all a € [0, @) given the assumptions on f.

A.4 Proof of Lemma 5

Fix all the model’s primitives but the cost function and define ¢ : A — R to be such that

¢(a) = max{0, M B(a*, ko) + &(a — a*)}, where xq is the entry cost and

1 [,.0f .
£ = — {B%(O,TFO) — MB(a ,mo)}
+max{MB(a 7'40)7 sup M B(a, ko) — M B(a a’%O)}'
a* acA\{a*} a— a*

For simplicity, assume that OM B(a*, ko) /0a exists, so that £ is well-defined. One can
show that M B(a, k) is locally Lipschitz in a for all k € [0,%], so that £ is well-defined
even if OM B(a*, kg)/0a does not exist.>? Notice that ¢(a) is increasing with a and that
¢(a) > BOf(0,my)/0a. As & > M B(a*, ko)/a*, there exists ag € (0, a*) with ¢(a) = 0 if

a < agand ¢(a) > 0 otherwise. Moreover, since £ > (M B(a, ko) —M B(a*, ko)) /(a—a*)

32See Camargo and Degan [2023] for a proof of this.
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foralla € A\ {a*} and ¢(a*) = M B(a*, ko), it also follows that ¢(a) < M B(a, k) for
all a < a* and ¢(a) > M B(a, ko) forall a > a*.

Now fix 0 < ¢ < min{ag,a* — ap} and let A : A — R be such that A(a) = ¢(a) if
la — ag] > e and A(a) = a(a —ag + &)™ if |a — ag| < &, where «(2e)" = M B(a*, ko) +
&(ap + € — a*) and an(2e)"! = £33 Notice that A(ag — €) = ¢(ag — ) = 0 and that
Mag +¢) = ¢lap + ) = a(2e)". Moreover, N (ag — ) = 0 and N(ag +¢) = . So,
A(a) is increasing and continuously differentiable in a. On the other hand, by letting n be
sufficiently large and ¢ be sufficiently small, we can ensure that A\(a) < M B(a, ko) for all
a € A such that |a — ag| < €.

To conclude the proof, let ¢(a) = [ A(s)ds. By construction, ¢ is twice continuously
differentiable, increasing, and convex, with ¢(0) = ¢/(0) = 0 and ¢/(a) > B f(0,m)/0a.
So, ¢ is an admissible cost function. Also, ¢'(a*) = M B(a*, k) and ¢(a) # M B(a, ko)
for all a # a*. So, a* is the unique equilibrium choice of effort for the incumbent when the
cost function is c. Finally, ¢’(a*) = £ > OM B(a*, ko)/0a, so the equilibrium is stable if

M B(a, k) is continuously differentiable in a neighborhood of (a*, ko).

A.5 Proof of Lemma 6

Suppose the entry cost is ko and M B(ay, kg)/a1 < M B(asg, ko)/as for 0 < a3 < as < a.
Let ¢ : A — R be such that ¢5(a) = max{0, M B(as, ko) + &2(a — az)}, where

1 9 MDB — MB
S == B—f(O,WO) — M B(ay, ko) | + (a2, o) (@1%0)'
a—as| Oa 4y —

Moreover, let ¢; : A — R be such that ¢, (a) = max{0, M B(a, ko) + & (a — a1) }, where
$2(az — 1) — M B(ax, ko)

Gy —ay — 1

& =

and 0 < 7 < ay — ay. Since lim,,_,o ¢2(as — 1) = M B(as, ko) and

MB(CL27 Iio) — MB(CLl, Iio)

Az —

M B(ay, ko) — ( )&1 x M B(ay, ko)ag — M B(ag, ko)a; < 0

33We solve for a and 7 as follows. First, substitute £ by an(2¢)"~! in the first equation to obtain a; note
that o > 0 since a* > ag + €. Then obtain n residually by the second equation.
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by assumption, there exists 7 > 0 for which & > M B(ay, kg)/a; for all n € (0,7). So,
¢1(a) = 0 for a sufficiently close to zero if n € (0,7).

Fix n < 7 and let ¢ : A — R be such that ¢(a) = max{¢(a), p2(a)}. By definition,
¢1(az —n) = ¢2(az — n). Moreover,

MB(CLQ, KJ()) — MB(CLl, I{()) > qbg(az — 77) — MB(al,/{o)
as — aq Qg — a1 — 1

§o > = &1,

where the second inequality follows from the fact that the second ratio is strictly decreasing
with 7. Thus, ¢(a) = ¢1(a) if, and only if, @ < as — 7. A straightforward modification
of the argument in the proof of Lemma 5 now shows that there exists an admissible cost
function ¢ with (a;) = M B(ay, ko) and (ay) = M B(asg, ko), so that a; and ay are
equilibrium choices of effort for the incumbent. This establishes the first part of Lemma 6.

To establish the second part of Lemma 6, we prove the following auxiliary result.

Lemma 7. Fix all the model’s primitives but the cost function and let ko be the entry cost.
Suppose there exist 0 < a; < ay < a with M B(ay, ko)/a1 < M B(as, ko)/as. Moreover,
suppose M B(a, k) is continuously differentiable. There exist an admissible cost function
cand ay € (0, ay] such that if the cost function is c, then ay and as are equilibrium effort

choices for the incumbent in stable equilibria.
Proof. Let ¢ : A — R be such that ¢,(a) = max{0, M B(as, ko) + &2(a — az) }, where
M B(asy, ko) — M B(a, ko)

1 0
= B—f(O, 7o) — M B(ag, ko) | + sup ;
a—ay| Oa a€A\{az} as —a

& =

note that & is well-defined since OM B(aq, ko)/0a exists. Moreover, let ¢; : A — R be
such that ¢ (a) = max{0, M B(ay, ko) + &1 (a — ay) }, where

_ $2(az —n) — MB(as, ko)
g —ay —nmn

&1

and 0 < 7 < ay — ay. By construction, there exists 77 > 0 such that §&; > M B(aq, ko) /ay if
n € (0,7), and so ¢;(a) = 0 for a sufficiently close to zero if n € (0,7).

Fix n < 77 and define ¢ : A — R to be such that ¢(a) = max{¢;(a), p2(a)}. Since
¢1(as—n) = Ppa(az —n) and & > &, we have that ¢(a) = ¢1(a) if, and only if, a < ay —1.
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A straightforward modification of the argument in the proof of Lemma 5 now shows that
there exists an admissible cost function ¢ with ¢/ (ay) = M B(ay, ko), ¢ (az) = M B(as, ko),
and ’'(az) = & > OM B(aa, ko) /0a. So, there exists a stable equilibrium in which as is
the incumbent’s equilibrium choice of effort when the cost function is c.

Now note that if ¢’(a1) = & > OM B(ay, ko) /Oa, then there also exists a stable equi-
librium in which a, is the incumbent’s equilibrium choice of effort when the cost function
is ¢. Consider then the case in which §; < OM B(ay, kg)/Ja. We can assume without loss
that § < OM B(a1, ko) /0a, otherwise we can increase 7 in the definition of ¢ slightly,
which reduces &;. Since M B(a, k) > 0 forall a € A and ¢;(a) = 0 if a is sufficiently
close to zero, ¢1(a1) = M B(ay, ko) and ¢'(ay) = & < OM B(ay, ko) /Oa together imply
that there exists ag € (0, a;) such that M B(ao, ko) = ¢1(ap) and M B(a, ko) > ¢1(a) for
all @ € [0,a9). So, OM B(ag, ko)/0a < &, otherwise there would exist a € (0, ag) for
which M B(a, ko) = ¢1(a), a contradiction.

If OM B(ag, ko)/0a < &, then we can take the cost function ¢ in the first paragraph of
the proof to be such that ¢/(ag) = ¢1(ag) = M B(ag, ko). In this case, ag is an equilibrium
choice of effort for the incumbent in a stable equilibrium when the cost function is c.
Consider then the case in which OM B(ay, ko) /0a = & and define ¢y : A — R to be such
that ¢o(a) = max{0, M B(ao, ko) + &o(a — ag) }, where

£ = ¢a(az —n) — M B(ag, ko)
0 — .

g — Qg — 1N

Since ¢g(az—n) = Pa(as—n) = ¢1(az—n) and ¢o(ag) = M B(ag, ko) = ¢1(ao), it follows
that & = &, and s0 ¢o(a) = max{0, ¢1(ao) + &i(a — ag)} = max{0,¢1(a)} = ¢1(a).
Reducing 7, and so increasing &g, we then have that OM B(ag, ko) /0a < & and ¢g(a) = 0
if a is close enough to zero. Let then A : A — R be such that A(a) = max{¢g(a), p2(a)}.
By making the reduction in 7 is small enough, we have that {; < &, and so A(a) = ¢y(a)
if, and only if, @ < ay — 7. The same argument as in the first part of the proof now shows

that there exists an admissible cost function with the desired properties. [

To conclude the proof of Lemma 6, note that since M B(ay, ko) /a1 < M B(as, ko)/as
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is equivalent to (M B(as, ko) — M B(ay, ko)) /(az —a1) > M B(as, ko)/az, we have that &
in the proof of the Lemma 7 is greater than M B(as, o) /as if n is small enough. So, when
OM B(ay, ko) /0a < M B(as, ko) /as, we can take the cost function in the proof of Lemma

7 to be such that ' (ay) = & > OM B(ay, ko)/0a. This concludes the proof of Lemma 6.

A.6 Proof of Proposition 2

Suppose f(a, H) = g(a) and f(a,L) = pg(a), where p € (0,1)and g : A — (0,1] is
a twice continuously differentiable, strictly increasing, and strictly concave function with
g(@) = 1 and lim,_,z ¢’(a) > 0. By construction,

o

7t (h,a) =7t (h) = "

Now let a; = @/2 and define as € (0,a) implicitly by g(as) = u. By construction,

7l ay) = . o and 77 ({,ay) = o :
—pg(@/2) - o + (1 + ) (1 — 7o)
T

Moreover, there exists i1 € (0, 1) such that as > ay if > p;.

Now take the distribution €2 of the citizen’s reputation to be such that w(0) = w(1) = 0,
so that M B(a, ) is continuously differentiable, and fix the entry cost k € (0,%|. Since
lim, 1 77 (¢, a1) = lim,,_,; 7" (h) = 7, and thus lim,,_,; d(ay, k) = 0, it follows that

MB
lim MB(as, k) =
p—1 ai

On the other hand, since lim,,_,; 7% (h, az) = mo > lim,_; 77 (¢, az) = mo /[0 +2(1 — )],

Lemma 3 and the definition of a, imply that lim,,_,; §(as, £) > 0. Thus,

MB '@
li MBle2.%) _ 9@ Blro + (1 — m)] lim 8(as, k) > 0.
pn—1 a9 pn—1

Moreover, given that

OMB 0Q dr™

5g (a1 k) o g (ar)d(ar, &) — gl(al)a—m(ﬂ+(€a a1), k) ——(l 1)
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and drt (¢, a;)/da < 1 — p, there exists us € (0,1) with M B(ay, k)/a; < M B(as, k)/az
and OM B(ay, k)/0a < M B(ag, k)/ag if n > pe. By increasing pus if necessary, we also
have that ay > ap if 1 > po. Let p € (o, 1). By Lemma 6, we can take the cost function to
be such that a; and a, are equilibrium effort choices for the incumbent in stable equilibria.

To conclude, suppose 6 < 6 = min{mo/[mo + 2(1 — )], 1 — 7o}, let N be a neighbor-
hood of 7y with 7y = 7o/ [mo + 2(1 — m0)] < 7 for all # € N, and assume the density w of
Q2 is strictly decreasing in the set {7 " : Ilo(7", k) € N} and such that w(Ilg(my, k) <
w([lg(m, k) for all 7 € N; since H(k/B) € [—6,0], 0 < 0 implies that I (7ry, x) > 0
and Ilo (7, k) < 1 for 7 sufficiently close to my. Now observe that lim, ,; 77 (h,a;) =
lim,_y 7" (h, az) = mp = lim,_,; 77 (¢,a,) and lim,_,; 7% (¢, as) = m, imply that there
exists pz € (ug, 1) such that if g > pus, then w(Ilg (74 (¢, a1), k) > w(llg(r™(h,a1), K))

and the opposite inequality holds for a,. Given that

%(ai, k) o< w(le(r(h,a;), k) — w(e(mt (4, a;), K)),

it then follows that 99 (aq, k)/0k and 0d(as, k)/Ok have opposite signs if we increase p

even further so that i € (g, 1). This establishes the desired result.

A.7 Proof of Proposition 3

By assumption, there exists a* € (0,a) with § < 71 (¢, a*). Suppose the distribution of the
citizen’s reputation satifies w(7 " (h, a*) — ) > w(nt (¢, a*) — 0) and take the cost function
to be such that a* is the unique equilibrium effort choice for the incumbent in stable equi-
libria when entry is costless; M B(a, k) is continuously differentiable in a neighborhood of
(a*,0) by Lemma 3. Below, we show there exists k € (0, %) such that the incumbent’s equi-
librium choice of effort is unique and differentiable in x for all x € (0, k) and converges to
a* as k converges to zero. Moreover, if a*(k) is the incumbent’s unique equilibrium effort
choice when the entry costis k € (0, k), then 0A(a*(k), k)/0a < 0, ensuring stability of

equilibria for x close to zero. The argument in the main text concludes the proof.
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We claim that the incumbent’s equilibrium choice of effort is unique if x € (0, k) for
some k € (0,%). Suppose not. Then there exist a sequence {x,, } in [0, 5] with lim,, k, = 0
and sequences {a,} and {a,} in (0,a) with a,, # a], and A(an, k,) = A(a,, k,) = 0
for all n € N. Moving to subsequences if necessary, we can take {a,} and {a]} to be
convergent. Let a and o’ be their respective limits. Since A(a, k) is (jointly) continuous,
A(a,0) = A(d/,0) = 0. So, a = @ = a*, as a* is the unique equilibrium effort choice
for the incumbent when x = 0. Now note that the assumptions on a* and ¢ imply that
there exist 0 < ¢ < a* and 0 < § < & such that A(a, ) is continuously differentiable
in (a* —¢e,a* +¢) x (0,8 — §). Thus, there exists ny € N such that if n > ng, then
we can find @/, € [min{a,, a,, }, max{a,, a,,}| with 0A(a!, k,,)/0a = 0. Moreover, since
lim, a, = lim, a!, = a*, it also follows that {a’} converges to a*. So, 0A(a*,0)/0a =
lim,, 0A(al, k,)/0a = 0, a contradiction with stability when entry is costless.

For each k € (0, k), let a*(x) be the incumbent’s unique equilibrium choice of effort
when the entry cost is k. We now show that a*(k) is differentiable in x for all x € (0, k),
reducing k if necessary. Note that lim,,_,o a*(k) = a* as A(a, k) is continuous. By reducing
k if necessary, it follows that a* (k) € (a* —¢,a* +¢) and k € (0,k — 0) forall k € (0, k).
Since A(a, k) is continuously differentiable in the set (a* — €,a + ) x (0,k — J) and
0A(a*,0)/0a < 0, we then have that A (a*(k), k)/da < 0 for k € (0, ), reducing k even

further if necessary. The desired result now follows from the implicit function theorem.

A.8 Proof of (8)

First note that

/01 < / 1 Gl —m1) — Gl — m)]wmdw)w(ﬂqdﬁf

maX{Tr,’HC (7TI 7’4’)}

_ /0 et < /H LG ) - Gl — 7r1)]w(7r)d7r>w(7r')d7r'

c(mr,k)

* / ( /;[GW ) =G~ mnw(w)dﬂ)ww)dﬁa

c(mr,kK) !
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The desired result follows since, by the fundamental theorem of Calculus and the fact that

G(¢(mr, k) — 1) = K/ B, we have that

Biwwy=-( [ o~ ~ 5 thotmr et yis ) 5 1o

K 81_[0

= w(lTe(mr, 1)) 5 (7, ) /OHC(M’H) {1 - %G(W - m)}w(w)dw.

A.9 Extending Proposition 2 to the Established-Challenger Case

Fix the entry cost x and suppose the distribution 2 of the citizen’s reputation is such that
w(0) = w(l) = 0, so that M B(a, k) is continuously differentiable. We know from the
proof of Proposition 2 that if f(a, H) = g(a) and f(a, L) = pg(a), where p € (0,1) and
g : A — (0,1] is twice continuously differentiable, strictly increasing, and strictly concave
with g(a@) = 1 and lim,_,5 ¢’(a) > 0, then there exists a choice of x such that if a; = @/2
and g(az) = u, then a1 < ag, MB(ay,k)/a1 < MB(as,k)/az, and OM B(ay, k)/Ja; <
M B(as, k) /as. By Lemma 6, we can take the cost function to be such that a; and a, are
equilibrium effort choices for the incumbent in stable equilibria.

Let m, = lim,,; 77 (¢|az) < 7 and suppose 6 < min{m,,1 — my}. Moreover, let N
be a neighborhood of 7y such ;< 7 for all 7 € N and take w to be such that w is strictly
decreasing in {7 " : (7", k) € N} and w(llg (g, k) < w(lg(m, k) forall 7 € N
the restriction on 6 ensures that Il (7, , k) > 0 and Il (7, k) < 1 for 7 close enough to 7
regardless of the function (G, and so regardless of the c.d.f. I". The proof of Proposition 2
shows that, increasing p if necessary, w(Ilo (7t (¢, a), k) < w(llg(nt (h, a), k)) if a = as

and the opposite inequality holds if @ = a;. So, regardless of I',
ANt a), k)w(lla(nt (€, a), k) < Mt (h,a), k)w(lc(nt(h,a), k) (11)

when a = ay; recall that \(7, k) is strictly increasing with 7 if Il (7, ) is interior. By
choosing T" so that G(m — 77 (¢,a;)) = 0 for all # > Tl (7" (¢,a;)), we can ensure that
M7t (h,a1), k) = X7 (¢, a1), k), in which case (11) holds with the opposite sign when

a = ay. Thus, Proposition 2 extends to the established-challenger case.
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