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Abstract

This paper analyzes difference-in-differences setups with a continuous treatment. We show
that treatment effect on the treated-type parameters can be identified under a generalized paral-
lel trends assumption that is similar to the binary treatment setup. However, interpreting differ-
ences in these parameters across different values of the treatment can be particularly challenging
due to treatment effect heterogeneity. We discuss alternative, typically stronger, assumptions
that alleviate these challenges. We also provide a variety of treatment effect decomposition re-
sults, highlighting that parameters associated with popular linear two-way fixed-effect (TWFE)
specifications can be hard to interpret, even when there are only two time periods. We introduce
alternative estimation procedures that do not suffer from these TWFE drawbacks.
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1 Introduction

The canonical difference-in-differences (DiD) research design compares outcomes between treated
and untreated groups (difference one), before and after treatment started (difference two). But in
many DiD applications the treatment does not simply turn “on”, it has a “dose” or operates with
varying intensity. Pollution dissipates across space, affecting locations near its source more severely
than locations far away. Localities spend different amounts on public goods and services, or set
different minimum wages. Students choose how long to stay in school.

Continuous treatments' can offer advantages over binary ones. Variation in intensity makes it
possible to evaluate treatments that all units receive. A clear “dose-response” relationship between
outcomes and treatment intensity can bolster the case for a causal interpretation or test a theo-

2 Finally, we may care more about the effect of changes in treatment intensity

retical prediction.
(e.g., increased funding, pollution abatement, or expanded eligibility) than about the effect of the
existence of a program that already exists.

Despite how conceptually useful and practically common continuous DiD designs are, econo-
metric theory provides little guidance about how researchers should apply and interpret them. For
cross-sectional designs, econometric results discuss how to estimate causal effects of small changes in
a continuous treatment (Hirano and Imbens, 2004; Florens, Heckman, Meghir, and Vytlacil, 2008),
and applied researchers often report this “marginal” interpretation when they use a continuous
treatment in a DiD setting (Goodman-Bacon, 2018). But econometric theory research on continu-
ous (and multi-valued) DiD designs is scarce and limited to identification results for individual-level
treatment effects from aggregating binary treatment data as in “fuzzy” DiD designs (de Chaise-
martin and D’Haultfoeuille, 2018), or the causal effects of different multi-level treatments compared
to no treatment (see the supplemental appendix of de Chaisemartin and D’Haultfceuille, 2020).3
Moreover, following the advice in several prominent textbooks (e.g., Cameron and Trivedi, 2005,
Angrist and Pischke, 2008, and Wooldridge, 2010), applied researchers almost universally estimate
continuous DiD designs using two-way fixed effects (TWFE) regressions, which we now know that
are not robust to treatment effect heterogeneity in other complex DiD designs such as staggered
timing (Goodman-Bacon, 2021). Therefore, the theoretical gap in our understanding of contin-
uous DiD designs contributes to ambiguity about the best way to implement and interpret such
designs in practice. The main goal of this paper is to tackle this problem and provide a new set
of well-understood and formally justified tools that are suitable for DiD setups with variations in
treatment dosage.

We start our discussion by analyzing DiD designs in which units move from no treatment to a

With some abuse of terminology, we refer to treatments being “continuous” to all cases where treatment can
take several different levels. Thus, technically speaking, this includes continuous and multi-valued ordered discrete
treatments. Whenever these distinctions are not crucial for the points we are making, we omit them.

In his 1965 presidential address to the Royal Society of Medicine, Sir Austin Bradford Hill, a pioneer in the
study of smoking and cancer, included among his criteria for inferring causality from observational data, “a biological
gradient, or dose-response curve” and argued that “we should look most carefully for such evidence” (Hill, 1965).

3See also D’Haultfoeuille, Hoderlein, and Sasaki (2021) for Changes-in-Changes-type of procedures based on
rank-invariance as in Athey and Imbens (2006).



non-zero dose. We first define two types of causal effects. The difference between a unit’s potential
outcome under dose d and its untreated potential outcome is a level treatment effect. The difference
in a unit’s potential outcome with a marginal increase in the dose is a causal response (Angrist and
Imbens, 1995). Level treatment effects and causal responses can have meaningfully different inter-
pretations, and we show that they require different identifying assumptions as well. Comparisons
between treated and untreated units identify average (level) treatment effect parameters under a
parallel trends assumption on untreated potential outcomes, just like in binary DiD designs. Com-
parisons between adjacent dose groups, however, only identify average causal response parameters
under a stronger assumption, which we call “strong parallel trends”, that restricts treatment effect
heterogeneity so that groups would have responded to the lower dose in the same way. Intuitively,
to be a good counterfactual, lower-dose units must reflect how higher-dose units’ outcomes would
have changed without treatment and at the lower level of the treatment.Without the strong par-
allel trends assumption, comparisons across treatment dosages are “contaminated” with selection
bias related to treatment effect heterogeneity.? These results come from comparisons between two
groups, but also apply to estimators of the entire average level effect or average causal response
curves or summary estimates that average across doses.

We use the identification results to evaluate the most common way that practitioners estimate
a summary parameter in continuous DiD designs, which is to run a TWFE regression that includes
time fixed effects (6;), unit fixed effects (7;), and the interaction of a dummy for the post-treatment

period (Post;) with a variable that measures unit i’s dose or treatment intensity, D;:
Yi = 0, + i + B D; - Post, + vy (1.1)

Under parallel trends, we decompose 3%/¢ into three different weighted sums corresponding
to the causal parameter being used as the “building block”: level effects, scaled level effects, and
causal responses. None of the weighted sum representations provide a clear causal and policy-
relevant interpretation of gtwfe.

For instance, expressing S/¢ as a weighted sum of average level treatment effect parame-
ters shows that it is equivalent to a binary DiD with the treatment group defined as units with
above-average doses and a comparison group of units with below-average doses, and with weights
proportional to a unit’s absolute distance from the mean dose. TWFE, therefore, puts “negative
weights” on the treatment effects of lower-dose groups by using them as “controls”. When units
with below-average treatment dosage have non-zero level treatment effects, it is hard to attach
a meaningful causal interpretation to 4*“f¢ in terms of average level treatment effects. This is

particularly true when the share of untreated units (dosage d = 0) is small in the population.®

4Interpreting comparisons of average treatment effect on the treated at different values of treatment dosage d
is related to existing points made on comparing “local” treatment effect parameters to each other, e.g., Oreopoulos
(2006), Angrist and Fernandez-Val (2013), and Mogstad, Santos, and Torgovitsky (2018) in the context of local
average treatment effects, or Cattaneo, Titiunik, Vazquez-Bare, and Keele (2016) and Cattaneo, Keele, Titiunik, and
Vazquez-Bare (2021) in the context of regression discontinuity designs with multiple cutoffs.

5We also present a similar decomposition based on average level treatment effect parameters scaled by their dose.
It also puts negative weight on effects for below-average dose units, but weights these comparisons slightly differently.



On the other hand, the decomposition in terms of average casual responses parameters has no
negative weights, but does include an additional “selection bias” term stemming from heterogeneous
treatment effect functions across dose groups.® When one imposes the strong parallel trends as-
sumption this “selection bias” term disappears. The weights on causal responses at different doses,
however, differ from the distribution of the dose, which creates a further challenge to interpreting
Btwfe in the presence of heterogeneity, even if strong parallel trends holds.

When TWEFE fails to deliver interpretable causal parameters, what is the alternative? We
propose nonparametric estimators of the average level treatment effect and average causal response
curves based on Chen, Christensen, and Kankanala (2022). These tools are motivated by clearly
defined parallel trends assumptions, do not rely on strong functional form assumptions, are easy
to implement, are fully data-driven. By leveraging the procedures in Chen, Christensen, and
Kankanala (2022), we show that our estimators converge at the fastest possible (i.e., minimax)
rate in sup-norm, and our uniform confidence bands are asymptotically narrower (more precise)
than those based on undersmoothing, and yet have correct asymptotic coverage and contract at,
or within a loglogn factor of, the minimax rate. We also show how to construct easy-to-interpret
summary measures that use the treatment dosage density to average parameters across doses. For
average level treatment effects, estimating this summary parameter is as simple as running a binary
DiD with a “treatment dummy” equal to one for any units with positive doses.

To show how TWFE performs in practice and to illustrate the benefits of our proposed estima-
tors, we replicate Acemoglu and Finkelstein (2008) study of a 1983 Medicare reform that eliminated
labor subsidies for hospitals. The original paper uses a TWFE estimator to compare the change
in capital/labor ratios between hospitals whose input prices were more or less affected by the end
of the subsidy. It concludes that price regulations that favor capital significantly increase capital
use. The distinction between level treatment effect parameters and causal responses is important
in this example: a positive level treatment effect shows that the policy as a whole increased the use
of capital; a positive causal response, under some assumptions, reflects the sign and magnitude of
the elasticity of substitution. Decomposing the TWFE estimate in terms of level effects shows that

38 percent of hospitals have negative weights and that they have non-negligible effects. [BLAH]

2 A Running Example: Acemoglu and Finkelstein (2008)

To fix ideas and provide intuition for our theoretical results, we revisit Acemoglu and Finkelstein
(2008)’s (AF) study of how price regulations affect firms’ input choices. When Medicare began
in 1965, hospitals received reimbursements from the federal government for a share of their labor
and capital expenditures that was proportional to the share of total patient days accounted for by
Medicare recipients (m;). Hospital ¢ thus faced input prices equal to (1 — spm;)w for labor and

(1 — sgmy)r for capital, where sy, and sk are the labor and capital subsidy rates and w and r

5Tn an appendix, we extend these baseline results to a setup with more than two time periods and where treatment
varies in intensity as well as timing, generalizing the results in de Chaisemartin and D’Haultfeeuille (2020) and
Goodman-Bacon (2021) to the case with a continuous treatment.



are market wages and rental rates. In 1983, Medicare moved to the Prospective Payment System
(PPS), which replaced the labor subsidy with a small payment per episode/diagnosis. This set
s, = 0 but left he capital subsidy unchanged. Therefore, the price of labor for a given hospital rose
from (1 — spm;)w to w, skewing relative factor prices.

The statutory relationship between a hospital’s Medicare volume, m;, and the change in its price
of labor, spm;w, motivates AF’s use of a continuous DiD design comparing changes in capital /labor
ratios before and after 1983 between hospitals with different pre-PPS Medicare inpatient shares.”
AF’s description, estimation, and interpretation of this empirical strategy touch on some of the
most common ways that researchers justify and implement continuous DiD designs.

One motivation for this design is practical: variation in a dose permits the evaluation of treat-
ments for which binary DiD is either infeasible or undesirable. In AF’s case, about 15 percent of
hospitals specifically served non-Medicare-eligible populations such as children so they were “un-
treated” by the change in subsidy policy. But this meant that they differed from treated hospitals
in terms of patient mix and may not necessarily constitute a valid comparison group. AF there-
fore describe m; as an “attractive source of variation” in the price of labor both because it varies
substantially-the mean of m; among treated hospitals is 0.45 and the standard deviation is 0.15—
and because hospitals with m; > 0 may be more comparable to each other than treated hospitals
are to untreated hospitals.®

Another common justification for continuous DiD designs is that a “dose-response” relationship
between exposure and outcomes supports a causal interpretation or tests theoretical predictions.
Meyer (1995, pg. 158), for example, argues that “differences in the intensity of the treatment across
different groups allow one to examine if the changes in outcomes differ across treatment levels in
the expected direction™” AF lay out a simple theoretical framework showing that if hospitals have
identical homothetic production functions, then the move to PPS should (i) raise capital/labor
ratios and (ii) do so more strongly for hospitals with higher pre-PPS values of m;. They view
their continuous DiD design as a way to estimate a causal effect of PPS as a whole and test the
theoretical predictions of their model.

Finally, researchers often advocate for continuous DiD designs because they can be used to

TAF use data reported by hospitals each year to the American Hospital Association from 1980 to 1986 (CITE).
They proxy for the capital/labor ratio using the depreciation share of total operating expenses, which averages about
4.5 percent in their period.

8A good example of an analysis with no untreated units is Card (1992), who exploits geographic differences in
the “bite” of a 1991 federal minimum wage increase. In a statutory sense, the federal change affected all workers,
so there is no untreated group to use in a binary DiD, and while it should have affected lower-wage workers more
directly than higher-wage workers, comparing these groups would require longitudinal data. Instead, Card regresses
the change in each state’s teen employment rate on the share of teens in that state who earned less than the new
minimum wage in the pre-period and are thus “eligible” for a statutory wage increase. Converting the analysis to the
state-level DiD creates a continuous treatment variable that can identify effects of a federal policy.

9Hill (1965) makes this point in the context of smoking and cancer:

“The fact that the death rate from cancer of the lung rises linearly with the number of cigarettes smoked
daily, adds a very great deal to the simpler evidence that cigarette smokers have a higher death rate
than non-smokers.”

He also notes that more deaths among light rather than heavy smokers would weaken the causal claim unless one
could “envisage some much more complex relationship to satisfy the cause-and-effect hypothesis.”



TWFE DD Estimate

TWFE = 1.13 (s.e. = 0.11)
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Notes: The figure plots TWFE event-study coefficients from regressions with hospital fixed effects, year fixed
effects, and the 1983 Medicare inpatient share (m;) interacted with either a dummy for years after 1983 or the year
dummies. The outcome variable is the depreciation share of total operating expenses, a measure of hospitals’
capital /labor ratio. The data cover the years 1980-1986 and come from the American Hospital Association’s annual
survey (CITE).

Figure 1: Two-Way Fixed Effects Event-Study Estimates of the Effect of Medicare’s Reimbursement
Reform on Hospital Input Mix

estimate causal effects of small changes in the dose. In many economic models price and income
elasticities determine optimal policies like tax rates, tax bases, subsidies, and regulations (Hendren,
2016), but these are continuous concepts that can only be estimated accurately with continuous
variation. We discuss how AF’s theoretical framework implies, under some assumptions, that DiD
estimates can be used to learn about hospitals’ elasticity of substitution between capital and labor,
although AF do not argue for this kind of “marginal” interpretation.

In terms of estimation, AF follow the standard practice for continuous DiD designs: a TWFE
regression with hospital and year fixed effects. They follow textbook advice. Wooldridge (2010,
pg. 132) observes that a two-period DiD regression estimator “can be easily modified to allow for
continuous, or at least nonbinary, ‘treatments’ ”. Angrist and Pischke (2008, pg. 234) emphasize “a
second advantage of regression DD is that it facilitates the study of policies other than those that
can be described by a dummy...the minimum wage is therefore a variable with differing treatment
intensity across states and over time”.

Figure 1 reproduces AF’s DiD event-study coefficients for each calendar year relative to 1983 and
the estimate of f'/¢ from equation (1). The findings clearly show that after 1983 capital/labor

ratios rose more strongly for hospitals with higher values of m;, but there was no differential



change in input mix before PPS. They also follow common practice and describe their identifying
assumption as an extension of the parallel trends assumption from binary designs: “without the
introduction of PPS, hospitals with different m;’s would not have experienced differential changes
in their outcomes in the post-PPS period” [emphasis added].

Our impression is that event-study results like those in Figure 1 would usually be interpreted
as very strong causal evidence because there are small pre-trend estimates, large differences in
outcomes between higher- and lower-dose units after treatment, and tight confidence intervals.
What is missing from most continuous (or nonbinary) DiD analyses, however, is a specific statement
about what causal parameters researchers would like to estimate, the assumptions under which they
are identified, and a formal justification for a particular estimator. Our goal is to shed light on

these three central issues.

3 Baseline Case: A New Treatment with Two Periods

We illustrate our main points in a setup where a researcher has access to two periods of panel data
denoted by t and t—1. In the first period, no unit is treated. In the second period, some units receive
a treatment “dose” denoted by D;, and some others remain untreated. We denote the support of
D by D. We define potential outcomes for unit ¢ in period s € {t — 1,¢t} by Y;s(d). This is the
outcome that unit ¢ would experience in period s under dose d. D; can be (absolutely) continuous
or can be multi-valued ordered, but to simplify the exposition we refer to it as “continuous”. We

assume that all expectations are finite and well-defined.!?

3.1 Parameters of Interest with a Continuous Treatment

The potential outcomes notation Y;(d) reflects that treatment can take many values, which also
means that each unit can experience many types of causal effects. The level treatment effect of dose
d in time period t for a given unit equals its potential outcome when D = d minus its untreated
potential outcome: Y;(d)—Y;(0). This is a straightforward extension of a binary “treatment effect”
to a continuous “treatment effect function” or “dose-response function.”!!

But no treatment is not the only relevant counterfactual possible. We define a unit’s causal
response at d as Y{(d), the derivative of the potential outcome'? (when d is continuous) or as the
difference in potential outcomes between adjacent doses, Y;(d;) — Y;(dj—1) (when d is discrete).
These two types of treatment effects—the level of Y;(d) —Y;(0) or its slope, Y{(d)—define unit-level
causal parameters in continuous designs, and connect to results in the instrumental variables (IV)
literature on multi-valued or continuous endogenous variables (Angrist and Imbens, 1995, Angrist,

Graddy, and Imbens, 2000).

10 A sufficient condition for this is when all potential outcomes Y;(d) are bounded.

1We include i subscripts for units in expressions that refer to sample quantities but not in theoretical expressions
of population quantities.

2This is a slight abuse of notation as we do not require Y;(d) to be differentiable, but rather we mean here the
effect of a marginal change in the dose on a unit’s outcome: lim,_, o+ (Yi(d + h) — Yi(d)) /h.



We focus on “building block” parameters that are averages of these two kinds of causal effects.
Average level treatment effects extend definitions from the binary case so that they refer to the
average effect of being treated with a particular dose compared to not being treated. In particular,

we define
ATT(d|d) = B[Yi(d) - ¥i(0)|D = d'] and ATE(d) = E[Yi(d) - Yi(0)]

ATT(d|d') is the average effect of dose d compared to zero dosage, on units that actually experienced
dose d’. When d' = d, this is the ATT among units that received dose d. ATE(d) is the mean
difference between potential outcomes under dose d relative to untreated potential outcomes across
all units, not just those that experienced dose d. We henceforth refer to these functions as Average
treatment effects instead of Average level treatment effects to simplify the terminology.

Average causal response parameters for absolutely continuous treatments are defined as:

ACRT (d|d") = OEMUQZD =] lid/ and ACR(d) = OE%/;(CZ)],

ACRT(d|d) equals the derivative of the average potential outcome for units that received dose d

evaluated at d. This is also equivalent to the derivative of ATT(s|d) with respect to s, evaluated
at s = d. For multi-valued discrete treatments average causal response are defined in the same way

with slightly different notation:
ACRT(dj|dy) = E[Yi(d;) — Yi(dj-1)|D = di] and ACR(d;) = E[Yy(d;) — Yi(dj-1)]-

ACRT (dj|dj) equals the difference in mean potential outcomes between dose level d; and the next
lowest dose dj_1 (no matter how big the gap between d; and dj_; is).!® Note that ACR(d) =
E[ACRT(d|D)] averages causal responses at dose d across the entire population in the same way
that AT E(d) averages ATT(d|d) terms. It is therefore not “local” to the units that experienced
dose d.

Figure 2 illustrates these parameters graphically. The concave line plots an average treatment
effect function against the dose for units actually treated with dose d, ATT(D|d). If we consider
dose levels d and d’, there are two potential ATT parameters. ATT(d|d), the level of group d’s
average treatment effect function at d, is an average treatment effect that is “local” to units that
experienced dose d. ATT(d'|d) is also “local” to the d group, but refers to the effect they would
experience at dose d’ even though they did not actually receive that dose.The continuous-dose
ACRT parameters are the slopes of tangent lines to the ATT(D|d) function and the discrete-dose
ACRT parameters are the slopes of lines connecting two points on the ATT(D|d) function. As
with ATTs, our definitions encompass causal responses dosages other than the one a given group
actually receives (i.e., ACRT(d'|d)).

A proper interpretation of continuous/multi-valued DiD results hinges on which type of param-
eter one wants to and can identify and estimate. For instance, even if all ATT'(d|d) parameters are

large and positive, some ACRT(d|d) parameters could be zero or negative. A researcher misinter-

3Differences in ATT(d|d) between doses that are farther apart than, say, one unit in the discrete case or differ by
a finite amount in the continuous case equal averages of the AC RT between the doses in question.



Yi(d) - ¥, (0)
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Notes: The figure plots ATT(D|d) (the average effect of experiencing each dose among units that actually
experienced dose d). We highlight causal parameters for two doses, d and d'. ATT(d|d) and ATT(d'|d) are average
treatment effect on the treated parameters and refer to the height of the curve. ACRT(d|d) and ACRT (d'|d) are
average causal response parameters and refer to the slope of the curve. We show them for a continuous dose, when
the ACRT is a tangent line, and for a discrete multi-valued dose when ACRT is a line connecting two discrete
points on ATT(D|d).

Figure 2: Causal Parameters in a continuous Difference-in-Differences Design

preting a large ATT estimate as an AC'R, in this case, would mistakenly conclude that a policy to
raise every unit’s dose would have large effects. A researcher confusing a small ACR for an ATT
would mistakenly conclude that an entire policy was ineffective when it actually just has small
effects at the margin.

The above-mentioned causal parameters are functional parameters because they are allowed to
vary arbitrarily across treatment dosage groups d’, and/or across (counterfactual) dosages d. But
researchers will also typically want to aggregate these functionals into an interpretable summary
measure or to gain precision. (Regression estimators are one way to do this.) Likely the most
natural way to combine many causal parameters across dose groups (or a function defined over

doses) is to average using the dose distribution itself. We denote these aggregate parameters by:
ATT* =E[ATT(D|D)|D > 0] and ATE* =E[ATE(D)|D > 0]
ACRT* = E[ACRT(D|D)|D > 0] and ACR* =E[ACR(D)|D > 0].
Note that ACRT* and ACR* are average derivatives, a type of parameter that econometricians

have studied in different contexts for a while; see, e.g., Ai and Chen (2007) and Ichimura and Todd

(2007) and references therein.



3.2 Identification with a Continuous Treatment in the Baseline Case

The definition of the causal parameters in the previous section narrows down the types of causal
questions we attempted to answer in this paper. However, all these causal parameters involve coun-
terfactual quantities, implying that they are not nonparametrically identified without additional
assumptions and structure. In this section, we pursue this route and present identification results
for the average treatment effects and average causal response-type parameters.'?

We make the following assumptions:

Assumption 1 (Random Sampling). The observed data consists of {Yi, Yie—1, D;}iq, which is
independent and identically distributed.

Assumption 2 (Continuous and Multi-valued Treatment). In period t —1, no unit is treated, while
in period t, the treatment dosage is either continuous or multi-valued. More precisely, one of the

following is true:

(a) The support of the treatment D is given by D = {0} U DS, where DL = [dr,dy] with
0<dp <dy <d < oo, for some d € R. In addition, P(D = 0) > 0, aJIl < fp(d) < af
for some positive constant ay < oo and all d € D, and E[AY;|D = d] is continuously
differentiable on DS .

(b) The support of the treatment D is given by D = {0} U D where DT’ = {dy,da,...,ds}
where 0 < dy < dg < --- < dy <d < oo, for some d € R. In addition, P(D = d) > 0 for all
deD.

Assumption 3 (No-Anticipation and Observed Outcomes). For all units, and all d € D,
Yii 1= Yz‘t—l(d) = Yz‘t—l(o) and Yy = Y;t(Di)-

Assumption 1 says that we observe two periods of iid panel data. Assumption 2 formalizes
that the treatment consists of a mass of units that do not participate in the treatment in both
periods, and an otherwise continuous (part a) or multi-valued (part b) treatment. Assumption 2.a
allows for the smallest value of the treatment to be strictly larger than zero, which is common in
applications. Assumption 3 says that we observe untreated potential outcomes for all units in the
first period, as no unit act on future treatment knowledge before treatment starts. In the second

period, we observe the potential outcome corresponding to the actual dose that unit ¢ experienced.

3.2.1 Identification under parallel trends

Identification of average treatment effects follows closely from the binary treatment case. In par-

ticular, our results rely on an extension of the binary parallel trends assumption:

141n this paper, we use identification as synonymous for point identification. That is, we abstract from partial
identification results.



Assumption 4 (Parallel Trends). For all d € D,
E[Yi(0) = Yi-1(0)| D = d] = E[Yi(0) - Yi_1(0)| D = 0].

Just like in binary DiD designs, Assumption 4 says that the average path of outcomes that units
with any dose d would have experienced without treatment is the same as the path of outcomes
that units in the untreated group actually experienced. The following result shows that under
Assumption 4, AT'T(d|d) is identified; all proofs are in Appendix F. Henceforth, let AY; = Y;—Y;_1.

Theorem 3.1. Under Assumptions 1 to 4, ATT(d|d) is identified for all d € D, and it is given by
ATT(d|d) = E[AYy|D = d] — E[AY;|D = 0].
Furthermore, ATT* = E[AY;|D > 0] — E[AY;|D = 0].

The identification results for ATT'(d|d) in Theorem 3.1 holds by essentially the same arguments
used for binary treatments. Because Assumption 4 ensures that E[AY;|D = 0] is the same as the
path of outcomes that treated units would have experienced absent the treatment, ATT(d|d) equals
the difference between the change in outcomes for the dose d group and the untreated group. As a
direct consequence, by averaging all the ATT'(d|d)’s over the distribution of non-zero dosages, we
have that the ATT™* is identified by simply comparing units with positive treatment dosage with
those with zero treatment dosage. That is, even with continuous or multi-valued treatments, one
can identify a summary measure of the causal effects among treated units by relying on a binary
comparison.

On the other hand, just like in the binary case, Parallel Trends Assumption 4 is not strong

enough to guarantee the identification of ATE(d).
Proposition 3.1. Under Assumptions 1 to 4, ATE(d) is are not identified.

Intuitively, the result holds because ATE(d) is defined as the average of ATT(d|k) across all
values of & > 0, but Assumption 4 does not allow identification of ATT parameters at doses
other than the one each group actually receives. As a consequence, neither AT E(d) nor ATE* are
identified.

We now turn to the identification of average causal response parameters, which differs from
identification of ATT parameters because it requires comparisons between dose groups. Estimating
ATT(d|d) can be done in two equivalent ways. One approach is to compare estimated ATT(d|d)s
across values of d; e.g. ATT(d;|d;) — ATT(d;—1|dj—1). This measures how much average treatment
effects vary with the dose—a “dose-response” relationship. Alternatively, one could use lower-dose
units as a comparison group for higher-dose units: E[AY;|D = d;] — E[AY;|D = d;_;]. Designs
without untreated units motivate a continuous/multi-valued DiD strategy this way. Since the
change in outcomes for untreated units, E[AY;|D = 0], cancels in the comparison of ATT's, the
two approaches are equivalent. We, therefore, refer to both ACR estimators in Theorem 3.2 and

throughout the paper.

10



Our central identification result is that AC R parameters are not identified under Parallel Trends
Assumption 4 alone because comparisons between different dose groups are biased when treatment

effects vary across groups even when the path of untreated potential outcomes is the same.
Theorem 3.2. Under Assumptions 1 to 4 ACRT parameters are not identified. Furthermore,

(a) Under Assumption 2(a), for d € D\ {0},

OEIAV]|D =d]  OATT(dd) DATT(d|l)
od =g ACRTUd + =
—— ——

“selection bias”

(b) Under Assumption 2(b), for d; € D\ {0},
E[AYY|D = d;] — E[AY;|D = d; 1] = ATT(d;|d;) — ATT(dj—1|d;-1)
= ACRT(dj|d;) + ATT(dj_1|d;) — ATT(dj—1|dj—1) .

“selection bias”

Theorem 3.2 says that under parallel trends, comparisons of outcome paths between higher- and
lower-dose groups mix together (i) ACRT(d|d) and (ii) a “selection bias” type of term that comes
from differences in average treatment effects across groups. Intuitively, even if untreated outcomes
evolve in the same way, observed outcomes may change differently between units with dose d; and
units with dose d;_1 both because d; > d;j_1, a causal response, and cross-group differences in the
effect of the first d;_1 dose units, “selection bias”.

Figure 3 illustrates this result for an example with two groups and two doses, d = d + 1. The
slope of the line that connects the points (d, ATT(d|d)) and (d', ATT(d'|d")) is steeper than the
average causal response of interest, ACRT(d'|d’), because it jumps from one ATT function to the
other.'® This is captured by the “selection bias” term, which equals the difference in treatment
effects at the lower dose: ATT(d|d") — ATT(d|d). “Selection bias” is a version of selection-on-gains.
Here, it breaks the causal interpretation because observed outcomes for lower-dose units are not
a valid counterfactual for what higher-dose units would have experienced at a lower dose. The
“selection bias” is not identified because we do not observe Y;(d) for units that experienced dose
d'. Such a result precludes a causal interpretation of ATT differences across doses, at least when

one is not willing to further strengthen the Parallel Trends Assumption 4.

3.2.2 Identification under strong parallel trends

The fact that causal responses are not identified under a “traditional” parallel trends assumption
suggests that learning about the new kind of parameter that continuous DiD designs introduce
requires new assumptions as well. This section introduces a stronger assumption that allows the
identification of ACR (and ATE) parameters:

5Because we are considering one unit increments, the “bias” can be seen on the y-axis as well. ATT(d|d’) —
ATT(d|d) is “bias” and ATT(d'|d") — ATT(d|d") is the ACRT(d'|d").
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Ye(d) = ¥:(0)

ATT(D]d") = E[¥:(D) — %,(0)|D = d]

AT ~n —
ATT(d'|d") :
ACRT(d'|d’ e
@) | ATT(d'|d") — ATT(dld) =
ATT(d|d’) f-emmommmaamaaaee ‘ ACRT(d'|d’) + ATT(d|d') — ATT(d|d)

I

ATT(D|d) = E[Y(D) — Y (0)|D = d]

ATT(d|d)

d=1 d=d+1

Notes: The figure shows that comparing adjacent ATT(d|d) estimates equals an ACRT parameter (the slope of the
higher-dose group’s ATT function) and “selection bias” (the difference between the two groups’ AT'T functions at

the lower dose).

Figure 3: Non-Identification of Average Causal Response with Treatment Effect Heterogeneity, Two
Discrete Doses

Assumption 5 (Strong Parallel Trends). For all d € D,
E[Yi(d) = Yi—1(d)] = E[Yi(d) — Y1 (d)|D = d].

Assumption 5 says that for every dose group, the average change in potential outcomes over
time is the same as the population average change in potential outcomes for the same dose change.
Alternatively, under no-anticipation as in Assumption 3, one can express Assumption 5 as E[Y;(d) —
Yi—1(0)] = E[Yi(d) — Y;—1(0)| D = d], suggesting a type of parallel trends that involves changes in
potential outcomes from zero to dosage d. These two interpretations highlight that Assumption 5
notably differs from Assumption 4 because it involves potential outcomes under different doses
Yi(d) rather than only untreated potential outcomes, Y;(0). The Strong Parallel Trends (SPT)
Assumption 5 is useful because the left-hand side is not identified, but will turn out to be important
in identifying AC'R and AT E parameters, while the right-hand side is the observed change in mean
outcomes for dose group d.

In practice, Assumption 5 is most easily understood in terms of a slightly stronger assumption
that imposes that all dose groups would have experienced the same path of potential outcomes
had they been assigned the same dose. This is a treatment effect homogeneity condition because
it implies that ATT(d|d) = ATT(d|d') = ATE(d); see Proposition B.1 in the Appendix. It rules
out selection-on-gains into a particular dose level and ensures the observed outcome changes for
every dose group reflect what would have happened to all other units had they received that

dose. However, we stress that mathematically speaking, Assumption 5 does not require ruling out
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these behaviors, and does not even guarantee that the ATT(d|d)’s are identified, as we discuss in
Appendix B.16
The following theorem shows that the SPT Assumption 5 allows identification of average treat-

ment effect and average causal response parameters at each dose:
Theorem 3.3. Assume that Assumptions 1 to 3 and 5 hold.
(a) For d e D\ {0}, it follows that
ATE(d) = E[AY;|D = d] — E[AY;|D = 0].

(b) When Assumption 2(a) holds (i.e., treatment is continuous), it follows that, for d € D\ {0},

ORIAY,|D =d)  OATE(d)
od - o9d

(¢c) When Assumption 2(b) holds (i.e., treatment is multi-valued), it follows that, for d; € D\ {0},

ACR(d) =

ACR(d;) = E[AY)|D = d;] — E[AYi|D = d;_] = ATE(d;) — ATE(d; 1),

Theorem 3.3 follows directly from our earlier definition of parameters and of the way that effect
heterogeneity biases outcome comparisons across dose groups. For part (a), note that parallel trends
identifies ATT(d|d), but strong parallel trends identifies AT E(d). The two parameters differ when
there is selection into dose group d on the basis of treatment effects. SPT rules this out and
means that comparing average outcome changes of dose group d to the untreated units identifies
the AT E(d). For parts (b) and (c), the same implication of SPT ensures that lower dose groups are
a valid counterfactual for higher-dose groups. The restriction on potential outcomes that delivers
this property, however, also means that AC R estimands apply to all units, not just those treated
with dose d.

Strong parallel trends only change the interpretation of the estimand, not its form. Theorem 3.3
makes an explicit connection between assumptions and the types of parameters that different com-
parisons in a continuous DiD design can identify. One important implication is that conventional
pre-tests for differential changes across groups before treatment cannot distinguish between As-
sumption 4 and Assumption 5. Only untreated potential outcomes are observed before treatment,
so these periods cannot test the content of an assumption like SPT that necessarily involves treated

potential outcomes.!”

161t turns out that Assumption 5 is not even strictly stronger than Assumption 4 in the way it restricts trends in
untreated outcomes; see Appendix B for a discussion.

17 An interesting intermediate assumption between Assumption 4 and Assumption 5 would be to directly assume
that the “selection bias” term in Theorem 3.2 (i.e., 9ATT(d|l)/01|i=a) is equal to 0. This would imply that ACRT(d|d)
is identified. Another interesting intermediate assumption is that for d € D, where Ds C Dy, E[Yi(d) — Y;—1(0)|D €
D.] = E[Yi(d) —Y:—1(0)| D = d]. This would imply that one could identify parameters such as E[Y;(d) — Y:(0)|D € Ds]
for d € Ds (as well as its derivative). These types of assumptions might be appealing in applications where there is
substantial variation in the dose, and the researcher is willing to assume that there is no “selection bias” among units
that selected similar doses, but the researcher is unwilling to assume that there is no “selection bias” among units
that select substantially different doses.
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Finally, the identification results in Theorem 3.3 immediately imply that averages of the AT E(d)
and ACR(d) building blocks are identified as well. The following lemma states this for the averages
that weight by fp=o(d), the density of dosage d, conditional on the dosage being positive. (When

the dosage is discrete, we write its probability distribution function among units with positive
dosage as P(D = d;|D > 0).)

Corollary 3.1. Assume that Assumptions 1 to 3 and 5 hold.
(a) For d e D\ {0}, it follows that
ATE* = E[AY;|D > d] — E[AY|D = 0]
(b) When Assumption 2(a) holds (i.e., treatment is continuous), it follows that, for d € D\ {0},

IE[AY|D = d] D > 0] = /dU OEIAYID =d] fp>o(s)ds.
d

ACR* =E

d=D
(¢c) When Assumption 2(b) holds (i.e., treatment is multi-valued), it follows that, for d; € D\ {0},
J
ACR* = 3 (EIAYA|D = dj] — E[AY|D = d;_1]) P(D = d;{D > 0)
j=1
These results highlight how identification in continuous DiD designs is fundamentally a question
about dose-specific building block parameters, not the aggregation choices that lead to particular

summary parameter.

3.3 What Parameter Does TWFE Estimate in the Baseline Case?

In practice, when empirical researchers approach a continuous DiD design they begin by estimating
a single summary parameter using a TWFE regression like Equation (1.1). This section links the
TWFE estimator to the identification results for dose-specific average treatment effect or aver-
age causal response parameters, describes the assumptions necessary to give TWFE some causal
interpretation, and discusses what that interpretation is.

In our baseline case, analyzing the TWFE coefficient 54*f¢ from Equation (1.1) is straightfor-
ward because it is equivalent to the univariate slope coefficient from a regression of AY;; = Yi;— Y1
on an intercept and D;. From that point, we present two sets of alternative decompositions of gtw/e
in terms of weighted sums of different “causal building block” parameters, one for each of the two
versions of parallel trends considered.

We start our discussion based on the “usual” Parallel Trends (PT)Assumption 4. One of our
decompositions breaks down B%/¢ into a weighted sum of ATT(d|d)’s. Another decomposition
we present uses the “per-dosage” scaled ATT'(d|d) parameters, ATT(d|d)/d, as the building block.
A third decomposition uses results from Yitzhaki (1996) to express (%7€ as a weighted sum of
ACRT type terms.'® These results stress that the same TWFE coefficient 37“7¢ can have different

twfe

8 Appendix C also decomposes 3 into a weighted average of DiD comparisons between every pair of dose
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interpretations, which crucially depends on the choice of the “building blocks”.! We repeat the
same type of exercise but impose the SPT Assumption 5, focusing on ATFE, scaled-ATFE, and ACR
as the “building blocks” of the decompositions.

The following theorem describes the TWFE estimand with a continuous treatment under Par-

allel Trends Assumption 4; results for the multi-valued results are in Appendix C.

Theorem 3.4. Under Assumptions 1, 2(a), 3, and 4, we can decompose the TWFE regression
coefficient B¢ in (1.1) in different ways, depending on the choice of the causal estimand that

serves as the summand for these decompositions. More explicitly,

(a) We can decompose 11 in terms of ATT s as

du
WWZ/ w()ATT(I|1) dl,
d

L

where w'*(1) = %j’p(l), w'®(l) S 0 for I S E[D], and [ w'(l)dl = 0.

(b) We can decompose B¢ in terms of scaled-ATT’s as
dv ATT
Btwfe :/ ws(l) (l“) dl,

d l

where w(l) = l(i;i[g%) fo(l), w¥(l) < 0 forl < E[D], and ijU w(l)dl = 1.

(c) We can decompose B¢ in terms of ACRT’s as

DATT(I|h)
oh

acr ATT(dL |dL)

dy
plwle = / wi (1) [ACRT(Z]Z) + ) } dl + wy
d, h=l dr,

where w{(l) = (E[D\Dz{]/;l?l[)[;])P(Dzl) and w§" = (E[D|D>O]\7i[(%))P(D>O)dL. In addition, (i)

wier(l) > 0 VI €D, wg >0, and (i) [{¥ wie(l)dl + wi =1

The most important conclusion from Theorem 3.4 is that, with a continuous treatment dose, it is
hard to attach an easy-to-understand causal interpretation to the TWFE regression coefficient under
PT Assumption 4. The basic reason is that TWFE is “variation hungry”; it exploits all the variation
in D, which necessarily means that it compares treated groups to each other. Those comparisons do
not identify treatment effect parameters for which the relevant comparison treatment status is no
treatment, and they do not identify causal response parameters without further restrictions. Parts
(a) to (c) from Theorem 3.4 show that these issues arise for interpretations based on treatment
effects, scaled treatment effects, and causal responses, albeit in slightly different ways.

Part (a) expresses 3°f¢ as a weighted sum of ATT(d|d) parameters and highlights that the

ATT(d|d) for units with treatment dosage below the mean will get negative weights. In other words,

groups, which extends the decomposition from Goodman-Bacon (2021). We do not discuss that result here because
the theoretical causal interpretation is less clear than the decompositions based directly on ATT’sand ACRT's.

19The importance of the choice of building blocks have also been highlighted by Stoczyriski (2022) in cross-sectional
contexts with binary treatment and unconfoundedness designs; see also Heckman, Urzua, and Vytlacil (2006) for a
related discussion based on identification via instrumental variables.
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TWFE effectively uses units with doses above E[D] as the “treatment group” (positive weights)
and those with doses below E[D] as the “comparison group” (negative weights). However, TWFE
regressions also weigh and scale these groups differently, making it hard to interpret them. Indeed,
from Theorem 3.4(a), some simple algebra, and exploring that ATT(0[0) = 0 and [, w'*¥(I) dl =0,

it follows that we can re-write B1“7€ as

g = B |ut(D) ma(D)| D> ED)| P(D > E[D)
_E [w”(D) mA(D)‘ D< IE[D]] P(D < E[D)) (3.1)
- E [w”(D) ATT(D|D)' D> IE[D]} P(D > E[D)])
E {w”(D) ATT(DD)‘ 0<D< IE[D]] P(0 < D <E[D]), (3.2)

with w¥(D) = }%F‘([DD)D , and ma (D) = E[AY;|D]. From (3.1), we see that 3“°/¢ compares weights

averages of ma(s)’s above and below E[D], and the weights are proportional to “how far” from

E[D] each group is. These weights are particularly hard to justify when D is not symmetric around
its mean, i.e., when P(D > E[D]) # P(D < E[D]).

Even when treatment D is symmetric around its mean, (3.2) point out that expressing
such comparisons across dosages in terms of ATT(d|d)’s can lead to “attenuation” problems or
even sign-reversal due to “negative weights”.?° Although negative weighting also appears in the
TWFE estimand with a binary staggered treatment (Goodman-Bacon, 2021; de Chaisemartin
and D’Haultfeeuille, 2020), here we show that this drawback can arise even in the simplest two-
periods DiD setup with continuous treatment. Just like in the binary staggered case, a sufficiently
large untreated group ensures that negative weights are not a first-order concern. Through the
lens of Theorem 3.4(a), “large enough” means that the quantity of untreated observations pulls
E[D] below the minimum treated dose, dr. In that case, the second term in (3.2) drops and
ptvfe = E[w?(D) ATT(D|D)| D > E[D]] P(D > E[D)).

Yet, even when all weights are positive, the way TWFE aggregates ATT(d|d)’s is not very
intuitive or policy-relevant. A perhaps more natural way to aggregate the AT'T(d|d) parameters is
to take a simple expectation, i.e., weight them by fp|pso(d) to get ATT* = E[ATT(D|D)|D > 0].
Indeed, as indicated by Theorem 3.1, ATT™* is identified, easy to estimate, and does not suffer from
these non-standard implicit weighting schemes. In setups where treatment effects may vary with
the treatment dose, we recommend favoring ATT* vis-a-vis 51%f¢ as the weighting scheme of the
latter may be especially misleading.

Part (b) of Theorem 3.4 extends part (a) to apply to scaled ATT parameters, ATT(d|d)/d,**
which gives a “per-treatment-dosage” interpretation. Part (b) shows that when the scaled ATT

20Chodorow-Reich, Nenov, and Simsek (2021, pg. 1636) cross-region study of marginal propensities to consume
(MPC) notes the possibility of finding a zero even when the MPC>0 in all areas: “ (...) if low wealth areas have
high MPCs and high wealth areas have low MPCs, an increase in the stock market could induce the same change in
spending in both low and high wealth areas.”

21This is the parameter one would obtain by estimating equation (1) on a sample of units with D = 0 or D = d.
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is the building block of interest, TWFE estimand has negative weights under the same conditions
as in part (a). The weights themselves equal w'®’(d) weights times the dose, which creates two
key differences. First, they integrate to 1 in the treated sample. Second, they weigh the building
block parameters for the highest and lowest doses even more heavily than in part (a). In the case
of a discrete dose, this result is similar to the one in Theorem S3 of the Supplementary Appendix
of de Chaisemartin and D’Haultfoeuille (2020). Therefore, using average slopes as the underlying
parameter of interest does not eliminate the potential negative weighting issue with the TWFE
estimator, and it is still hard to add a convincing justification for such weighting schemes when
treatment effects are heterogeneous.

Theorem 3.4(c) shows that when we attempt to use the ACRT”s as building blocks of the anal-
ysis, the TWFE estimand can be written as combinations of two positively weighted averages: one
of ACRT(d|d) parameters, and another of “selection bias” terms due to heterogeneous ATT’sas
derived in Theorem 3.2. The sign of this bias depends on how treatment effects vary across groups
at a given dose. If units with higher doses always have larger positive treatment effects, for exam-
ple, then TWFE will be larger than the average of the ACRT’s that appear in Theorem 3.4(c).
Figure 3 illustrate this case for two groups. The magnitude of the bias depends on how strong

DATT(I|h)
h =55

the heterogeneity is and its relationship to the weights on eac term. Heterogeneity

comes from the “technology” that generates treatment effects—do ACRT’s vaTry and by how much?-
and the allocation mechanism for the dose—how is the ATT function related to the observed dose?
This has important econometric implications, but does not come from TWFE itself. The weights,
however, do inherit their form from ordinary least squares (OLS). Differentiating w{<" (d) shows
that the weights are hump-shaped and centered around E[D], so selection bias around the average
dose affects Bt/ the most. Therefore, even when one takes ACRT’s as the building block for the
parameter of interest, as many applied papers implicitly do, TWFE still does not yield a causal
estimand under parallel trends. Part (c) also shows how TWFE handles a discrete jump from 0
to the minimum treated dose, dy. Causal responses below dj cannot be estimated, so the scaled
treatment effect of dy,, ATT(dy|dy)/dy, as in part (b) is averaged into g1/

It is worth stressing that our PT Assumption 4 is not strong enough to guarantee the identi-
fication of the ACRT’s, as already indicated in theorem 3.2. This implies that coming up with a
reliable and easy-to-use summary measure of the ACRT’s is not as simple as it was for the ATT™*.
Putting it simply, we cannot “estimate our way out” when we are interested in causal response type
parameters. Following our discussion around Theorem 3.3, though, one may wonder if imposing
the SPT Assumption 5 may be enough to give the TWFE coefficient 31“7¢ a causal interpretation.
The following theorem describes the TWFE estimands under Assumption 5. It is the analog of
Theorem 3.4 but replacing the PT Assumption 4 with the SPT Assumption 5.

Theorem 3.5. Under Assumptions 1, 2(a), 3, and 5, we can decompose the TWFE regression
coefficient B1fe in (1.1) in different ways, depending on the choice of the causal estimand that

serves as the summand for these decompositions. More explicitly,
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(a) We can decompose 1 in terms of ATE’s as
dy
plwfe — / w () ATE(l) dl.
dr,

(b) We can decompose 7€ in terms of scaled-ATE’s as

du
6twfe :/ ’u)s(l)ATE(l) dl,
dr, !

(c) We can decompose BS¢ in terms of ACR’s as

du ATE(d
s = [ wir AR d T uger ATEWL)
dy dr,

All weights are defined in Theorem 3.4.

Theorem 3.5 shows that the SPT Assumption 5 eliminates selection bias in the AC' R interpreta-
tion of Bt/ but still does not deliver an interpretation in terms of treatment effects. Assumption 5
restricts treated potential outcomes, but does not change the TWFE estimator. Since negative
weights in Theorem 3.4 were a consequence of TWFE, additional assumptions about treatment
effects do not change the underlying weighting scheme. Parts (a) and (b) of Theorem 3.5 are thus
the same as in Theorem 3.4 except that they aggregate AT E(d)’s instead of ATT(d|d)’s.

Theorem 3.5(c) is essentially an aggregate version of Theorem 3.3, which shows that Assump-
tion 5 eliminates selection bias in the estimation of each AC'R. The particular interpretation of gtw/e
in terms of ACR’s, therefore, hinges on that aggregation, embodied in the weights w{“ (d). The
w{ (1) are positive and integrate to 1, so under Assumption 5 gtwfe does have a causal interpreta-
tion. But 8"/¢ does not estimate a natural target parameter like the ACR* = E[ACR(D)|D > 0],
because the TWFE weights do not generally equal the dose distribution among treated, fp|po(d).
As discussed above, the weights are hump-shaped and centered on E[D], no matter the underlying
shape of fp|pso(d). If D is distributed U(0, 1), for example, then relative to ACR”, ptwfe puts more
weight on ACR(d) parameters close to the mean and less weight on ACR(d)’s closer to 0 or 1.22
For declining distributions like the exponential, TWFE puts less weight on the most common doses
below the mean, and more weight on the rarer doses above the mean.?? For a bimodal distribution
of D with little mass around E[D], w{" (d) will actually put the most weight on AC'R’s of the least
common doses. In general, when fpp-o(d) is approximately Gaussian, the TWFE estimand is
closer to ACR*. But when the dose distribution is skewed, TWFE weights ACR(d) parameters
close to the mean dose more than their population density weights. If the treatment effect function
is non-linear or non-monotonic, so that ACR(d) parameters vary widely across doses, then the
TWFE estimand may differ meaningfully from ACR*.

2For a uniformly distributed dose we have w{°"(d) = 6d(1 — d). Therefore, the difference in weight on ACR(d)
across the two weighting schemes is fp|p>o(d) — wi"(d) =1 — 6d(1 — d). This function is concave up and has roots
at 1/2+ \@/6, so TWFE puts more over-weights parameters between 0.21 and 0.79.

#For fp(d) = Xe™™, d > 0, we have wi*"(d) = Mfd). The difference between the distribution of D weights
and the TWFE weights is fp|p>o(d) — wi*"(d) = fp(d)A(+ — d). This shows that TWFE under-weights ACR’s at

doses below the mean (d < %) and over-weights them at doses above the mean (d > %)
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We again stress that providing ex-ante justification for the weights w{“ (d) is hard, which, in
turn, suggests that 3“/¢ may have limited interpretability in terms of ACR’s. Instead of letting the
estimation method implicitly select how one aggregates these AC R’s into a summary measure of the
treatment, we recommend that researchers choose these aggregation schemes explicitly. In our view,
a natural and econometrically-guided way to aggregate the ACR’s into a summary parameter is
given by ACR*, which is identified ( as indicated in Corollary 3.1) and can be efficiently estimated,

as well.

Remark 1 (No untreated units). In some applications, all units end up treated; i.e., there are
no “never-treated” units. In fact, a lack of untreated units is a frequent justification for using a
continuous DiD design. Although ATT(d|d) parameters are not identified in this case, it is still
possible to use the results above to characterize 7€ in terms of them. When P(D = 0) = 0,
TWFE necessarily puts negative weights on ATT or scaled ATT parameters of lower-dose groups.
The ACR decompositions, on the other hand, are unchanged except that the scaled ATT for dose
dr, is not identified (and its weight is zero). In other words, Theorem 3.4 and Theorem 3.5 can still

apply in this case, by noting that P(D = 0) = 0.

Remark 2 (Restrictions on the shape of ATT(d|d) can aid in identification.). Suppose that
ATT(d|d) = 0 for d < dy. Then, for those units, Y (D) = Y (0) and, under parallel trends,
they can be used to identify ATT s.>* Alternatively, if ATT s were constant and homogeneous (i.e.,
dosage intensity does not matter; ATT(d|d) = a for all units), then TWFE estimates 3f¢ = a
under parallel trends, regardless of the negative weights. Negative weights also do not undermine
the causal interpretation based on per-dose effects if ATT is linear and homogeneous in the dose
(ATT(d|d) = b * d), in which case f*“7¢ = b. However, we note that these are strong, parametric

functional form restrictions.

Remark 3 (Pre-treatment differences). TWFE does not estimate pre-treatment differences between
treated and untreated units when there are negative weights. To see this, consider a case with three
periods, t — 2, t — 1, and t, but otherwise the same as the baseline case. Applying equation (3.1) to
the change between periods t — 2 and t — 1 gives the TWFEE estimate of the pre-trend:

plefe = g [w”(D)m’Xe(D)‘ D> IE[D]] P(D >E[D]) —E [wU(D)mfge D < E[D]] P(D < E[D)),

where mi\ (D) = E[Y;_2(0) — Y;—1(0)|D]. If Assumption 4 holds then 5;’#56 = 0, but because the
change in outcomes for some dose groups can receive negative weight, this quantity can also equal
zero if Assumption 4 is violated. Thus, one should not rely on TWFE to assess the plausibility
of PT; see also Sun and Abraham (2021) for related results in staggered designs with a binary

treatment.

24This kind of assumption has precedent elsewhere. In toxicology, where concerns about dosage drive clinical and
regulatory decisions, the threshold below which D has no (detectable) effect is called the No Observable Adverse
Effects Level (NOAEL).
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4 DiD estimators that can highlight heterogeneity

The results in Theorems 3.4 and 3.5 show that it can be hard to attach a clear causal interpretation
to the TWFE regression coefficient 37“7¢ in setups with treatment effect heterogeneity, even when
all the weights are positive. Furthermore, in many practical situations, we may be interested
in documenting the impact of different treatment dosages on a given outcome of interest, and
Btwfe is clearly not suitable for that. In this section, we discuss alternative data-driven estimation
procedures that do not suffer from these drawbacks.

Our first suggested estimation procedure focuses in summarizing treatment effects as weighted
averages of ATT(d|d) or ATE(d). In light of Theorems 3.1 and 3.2(a), we can estimate ATT* or

ATFE* by considering the following simple linear regression specification:
AY; = B4 + 1{D; > 0}8"" + ¢, (4.1)

where AY; = A;; (as we only have two time periods), DZ->0 = 1{D; > 0} is a dummy variable
for the treatment dosage being greater than zero, 35" and %" are (unknown) finite-dimensional
parameters, and ¢; and error term. It is straightforward to show that under Assumptions 1 to 4,
pY" = ATT*. Thus, one can estimate and make (asymptotically valid) inferences about ATT*
using (4.1), as long as some weak and standard regularity conditions are satisfied.?® If one imposes
the SPT Assumption 5 instead of the PT Assumption 4, then it follows that 5" = ATE*. Such an
estimation strategy is the simplest possible: it only requires researchers to “binarize” their treatment
and rely on familiar regression models. Contrary to %€, though, %" captures a well-defined and
easily interpretable causal parameter of interest without relying on additional assumptions.
Although (4.1) is simple and intuitive, it is not flexible enough to highlight treatment effect
heterogeneity across dosages, nor suitable to estimate AC R-type parameters. For that, we need
to go beyond (4.1). Before we discuss our proposed method that directly builds on Chen, Chris-
tensen, and Kankanala (2022), it is worth discussing its general intuition. Somehow, the TWFE
specification in (1.1) and the simple “binarize” specification (4.1) are “too restrictive” to accom-
modate richer forms of heterogeneity. Hence, a natural step forward is to consider more flexible
specifications. There are different ways one can achieve that. For instance, one may rely on flexible

regression specifications of the type

K
AY; = Z¢Kk(D)5Kk +&;
k=1

where 5 (d) = (Vr1(d), Yra(d), ..., YK (d)) is a K-dimensional vector of flexible (known) trans-
formations of the treatment dosage D, Sx = (Bk1, Bk2,---,BKkK)" is a vector of finite dimensional
(unknown) parameters, and ¢; is an idiosyncratic error term. One could then estimate these un-

known 3 coefficients using OLS, and use the (functional) delta method to form estimators for the

?5This includes bounded second moments, and P(D = 0) and P(D > 0) being uniformly bounded away from zero.
If one wishes to cluster the standard errors at a higher level than i, there should also be sufficiently many treated
(D > 0) and untreated (D = 0) clusters to justify the application of a Central Limit Theorem; see Roth, Sant’Anna,
Bilinski, and Poe (2023) for a discussion.
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different target parameters, ATT(d|d)’s, ATE(d)’s, ACR(d)’s, ATT*, or ACR*.
When treatment is multi-valued, as considered in Assumption 2(b), this task is simple. In such
cases, Y (D) can be a saturated set of treatment dosage indicators with the no-treatment as the

baseline, i.e., with some abuse of terminology,

J
AY; = Bo+ Y YD =d;}B; + &,
j=1
One can then use OLS estimate the (’s; denote such estimators by B = (30, e ,BJ)I.QG Under
SPT Assumption 5 (and Assumptions 1 and 3), it is very easy to show that each Bj is a consistent
(nonparametric) estimator for the AT E(d;), and Bj — Ej,l is a consistent (nonparametric) estimator
for ACR(d;). It is straightforward to aggregate these ACR(d)’s to form a plug-in estimator for the
ACR* using the identification formula in Corollary 3.1(c),?" i.e.,
J
ACR =Y (Bj - Bj_l) P(D = d;|D > 0), (4.2)
j=1
where P(D = GID > 0) =", 1{D; =d;}/ > " 1{D; > 0}. It follows from the delta method,
our identification assumptions, and some weak regularity conditions that, as sample size increases,
LD (1@* — ACR*) converges to a normal distribution with mean zero and estimable asymptotic
variance, implying that standard inference procedures can be reliably used when treatments are
multi-valued. One can follow a similar strategy when using the scaled-AT'E(d) as the “building
blocks” of the aggregation.

Now, when the treatment dosage is continuous, as considered in Assumption 2(b), things are
more complicated, especially when one does not want to impose parametric restrictions on the
treatment effect heterogeneity. One needs to be more explicit about the type of “flexible” transfor-
mations ¥ (d): it involves picking the class of transformations (basis functions) and the number
of terms K used to implement the method. Poor tuning parameter choices can lead to estimators
that converge “too slowly”, and confidence bands with inappropriate statistical guarantees. On
the other hand, “good” choices of tuning parameters usually require additional knowledge of model
structure, such as the smoothness of AT E(d), which, in practice, it is ex-ante unknown. It is thus
desirable to have a data-driven estimation method that adapts to these unknown model regularities,
yield estimators and confidence bands with solid statistical guarantees and, at the same time, is
easy to implement. The important question is: How to do it? Fortunately, we can build on Chen,
Christensen, and Kankanala (2022), who propose (a) data-adaptive nonparametric estimators for
generic structural functions (conditional expectations) and their derivatives that converge at the
fastest possible (i.e., minimax) rate in sup-norm, and (b) data-driven uniform confidence bands

that have correct asymptotic coverage and contract at the minimax rate. As a direct consequence,

26This is equivalent to running one DiD analysis by comparing each dosage d; with zero dosage; see, e.g., Sun and
Shapiro (2022).

2"When one imposes the PT Assumption 4 instead of the SPT Assumption 5, each B\j is a consistent estimator for
the ATT'(d;|d;). However, comparison across B\j does not give an AC RT-type parameter, as indicated in Theorem 3.2.
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our estimators inherited from Chen, Christensen, and Kankanala (2022) these nice statistical guar-
antees when estimating and making inferences about AT E(d), ATT(d|d), and ACR(d). We also
show how to build on the estimators for ACR(d) to construct an (efficient) estimator for the ACR*.

In what follows, we discuss how we construct our data-adaptive estimator for the ATFE(d)
and ACR(d) curves under the SPT Assumption 5; if one imposes Assumption 4 instead, they
estimate the ATT(d|d) curve instead. First, as discussed above, we must pick a family of basis
functions 1 (d). We restrict our attention to dyadic (cubic) B-Splines as they are able to achieve
minimax sup-norm rates; see, e.g., Belloni, Chernozhukov, Chetverikov, and Kato (2015), Chen
and Christensen (2015) and Chen and Christensen (2018).2

Before discussing how we pick our data-driven choice K of sieve dimension, we introduce some
notation and discuss the form of our proposed estimators. Let I = {(2’“ + 3)d 1k € No} be the
set of possible sieve dimensions for our cubic B-Splines. For a given sieve dimension K € IC, our

proposed nonparametric estimator for AT E(d) and ACR(d) are given by
ATEx(d) = (v*(d) Bk,  ACRx(d) = (94" (d))' B, (43)
where OV (s) = (dipi1(s)/ ds, ..., dbkk(s)/ ds),
Bk:a@ImnEn“AY—EMAHD:mAMKUW®1D>@
bKe@K
=E, [1{D > 03" (D)™ (D)] E, [1{D > 0}¢" (D) (AY — E, [AY|D = 0])], (4.4)
and A~ denote the Moore-Penrose inverse of a generic matrix A, and for a generic variable B,

S {D; > 0}B;
> UDi >0}
Note that B\ k is simply the OLS estimated coefficient of the regression of the “transformed outcome”
AY —E, [AY|D = 0] onto the K-dimensional B-spline 1% (D), in the sub-sample of units that have
positive treatment dosage.
Let KT = min{k € K : k > K} be the smallest sieve dimension in K exceeding K, and

E,[B|D > 0] =

v, = max{1,(0.1logn)*} (so v, = 1 unless n is bigger than 10 billion). Let {w;}?; be iid
standard normal draws independent of the data {W;}! ; = {Yj, Yi—1, D;}' ;. In addition, for a
given K and Ko, let

Pr(Wi,d) = (v (d)) bx (Wy),
with

o (W) = By, [1{D > 0} - ¢S (D)™ (D)]” 1{D; > 03¢ (D))t i,

28We pick cubic B-splines out of convenience, but other choices are also possible and do not affect our theoretical
results. We also note that one can use Cohen-Daubechies-Vial wavelet basis and get sup-norm minimax rates, though
they are harder to compute than B-splines. On the other hand, not all basis functions lead to minimax rates—for
example, polynomials and Fourier series do not lead to minimax rates. See Belloni, Chernozhukov, Chetverikov, and
Kato (2015), Chen and Christensen (2015), Chen and Christensen (2018) and Chen, Christensen, and Kankanala
(2022) for a discussion.
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and T ¢ = AY; — E,[AY|D > 0] — (X (D;)) Bx. Finally, let

2 1

0'[([(2 EZ Wlad) ¢K2(Wl7d))
=1

be an estimator of the (asymptotic) variance of the contrast /n (A/T\E x(d) — ATE KQ(d)), and

consider the bootstrap process

7k (d, K, Ky) = k(Wi d) — §r, (Wi, d)) - w

O'KKQd fz

Our data-driven choice K of the sieve dimension K leverages the Lepskii-type selection of
Chen, Christensen, and Kankanala (2022) (henceforth, CCK) and can be computed according to
the following Algorithm.

Algorithm 1 (Computation of data-driven choice of sieve-dimension K based on CCK.).

1. Compute the data-drive index set of sieve dimensions
~ ~ 2 ~
K= {K ek:0.1 (logKm(w) <K< Kmax} (4.5)

where

Rinaz = min {K € K : K+/log Kvn < 10v/n < K*++/log K+vn} (4.6)

2. Let & = min {0.5, \/Iog kmaz/kmax} For each independent draw of {w;},, compute
sup |Z; (d, K, K2)| . (4.7)
(d, K, K2)€Ds xKxK: Ky > K

Let 74,_g denote the (1 — @) quantile of the sup-t statistic (4.7) across a large number of
independent draws of {w;}!_q, say 1,000.

=1
3. The data-driven choice of the sieve dimension is

Vit |ATExc(d) ~ AT B (d)

K=infl{Kek : sup

— <119 ap. (4.8)
(d,K2)€DS xK: Ky > K 0K K (d)

Our data-driven estimators for the AT E(d) and ACR(d) are therefore given by
— ) PN — = !~
ATER(d) = (v5(d) Bz, ACRg(d) = (00" (d)) Bz (4.9)
Before we establish that ATE #(d) and ACR #(d) attain the minimax rate for estimating both
ATE(d) and ACR(d), we introduce some define the parameter space for ATE(-). Let Hb o (M)
denote the Holder ball of smoothness p and radius M. For given constants M > 0 and p > p > 0.5, let
HP = HE oo(M) and H = Upefp M- For each ATE(:) € H, we let Parp denote the distribution
of {AY;, D;}2°, where each observation is generated by iid draws of of (D, ) from a distribution

of (D,u) satisfying Assumptions 1, 2(a), 3, 5, Assumption 6 listed in the Appendix, and setting
AY —E[AY|D = 0] = ATE(D) + u
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Theorem 4.1. Let Assumptions 1, 2(a), 3, 5, and Assumption 6 listed in the Appendiz hold. Then:

(a) There exist a universal constant Cy; > 0 for which

(A/T\Ef( - ATE) (d)‘ e (105”)2;11) )

sup  sup Parg | sup
pElppl ATE(-)EHP deDs.

(b) For p > 1, there exist a universal constant C for which

(ACR; - aCR) (@)] > ¢ <10i"> “11) 0.

sup sup Pargp | sup

p€E(p,p] ATE(-)€HP deDs.
Importantly, the convergence rates in parts (a) and (b) are the minimaz rates for estimating AT E(d)
and ACR(d), d € DS, under sup-norm loss.

Remark 4 (Comparison with CCK). Our Algorithm 1 slightly differs from Procedure 1 of CCK.
For instance, we consider a “transformed outcome” as the regressand of the sieve-based regression,
whereas they consider an “observed” outcome as the regressand. We also focus on a specific sub-
population, those with positive treatment. These modifications are important in our DiD contests,
as we allow for the causal effect of D on'Y to be discontinuous when treatment dosage changes from
D =0 to D = d; (the minimum positive dosage). However, we note that these adaptions of the CCK
procedures do not affect the asymptotic properties of the proposed estimators, as E, [AY|D = 0]
is /n-estimable and can be treated as known when establishing the asymptotic properties of the
procedure. Thus, Theorem 4.1 follows from Theorem 4.1 of CCK.

Next, we show how one can form data-driven uniform confidence bands (UCBs) for both AT E(d)
and ACR(d) by adapting Procedure 2 of CCK to our DiD context. Toward this end, let A=
log logl? and set K_ = {K € K:J< I?} Define the bootstrap processes

]' *,acr 1 1 - AacCr
5@ IZW Wi,d)-wi, and 759 (d, K)fAm,( )TZ 9 (Wi, d) - w;

where 39" (W;,d) = (0y"(d )) Kk (Wi),

7% (d, K) =

n

zn: (Wi, d)? and  Gi"Hd) = =) PHT (Wi, d)?
=1 =1

Algorithm 2 (Computatlon of UCBs for ATE(-) and ACR(d) based on CCK.).

4. For each independent draw of {w;}I,, compute

t* = sup |Z; (d, K, Ks)|, and t"*" = sup |74 (d, K, K2)|.  (4.10)
(d,K)eDS xK - (d,K)eDS xK -

—_

3

pracr

Let 21— and 24" denote the (1 — «) quantile of the sup-t statistic t* and , respectively,

across a large number of independent draws of {w;}?_,, say 1,000.

5. The data-driven 100(1 — a)% UCB for ATE(d) and ACR(d), d € D, are respectively given
by

(4.11)

Culd) = | ATER (@)~ (410 + A 71-s)



_ N e\ 5%(d)
Caer () = ACR;((d)—<z1;a +A%_a) Ii/ﬁ ,ACR;{(d)—k(zl;a +A%_a) }i/ﬁ (4.12)

The UCBs described in Algorithm 2 enjoy attractive statistical guarantees such as honesty
and adaptivity. In practice, these mean that these UCBs are guaranteed to have asymptotically
corrected coverage over a large (and generic) class of data-generating processes (honesty), and
contract at the minimax sup-norm rate (adaptivity). These nice guarantees are established over a
generic subclass G of H, as Low (1997) show that it is impossible to construct UCBs that are honest
and adaptive over . This restriction, though, can be seen as a technical sidestep without major
practical consequences, though; See Sections 4.3 and Appendix C.3 of CCK for a more detailed
discussion. To save space, we define the class of self-similar functions G in the Appendix. Let
Cn(d, A) and C,,(*"d, A) denote the UCBs from (4.11) and (4.12) replacing A with a fixed A > 0.

The next theorem adapts Theorems 4.2 and 4.4 of CCK to our context.

Theorem 4.2. Let Assumptions 1, 2(a), 3, 5, and Assumption 6 listed in the Appendiz hold. Then:

a) There exist a universal constant Co > 0 and constant A% (independent of o) such that for all
2
A > A5, we have

(i)  liminf ATg%f)eg Parg (ATE(d) € Cn(d, A) Vd € DY™) > 11—«

i : : logn brEs)
) inf inf  Parg | sup |Cn(d,A)| < Ca(l+ A) — 1.
pe[ﬂvﬁ] ATE(-)GQP de'Diont n

b) Forp > 1, there exist a universal constant C’, > 0 and constant Ay’ (independent of ) such
p 2 2
that for all A > A;’/, we have

(i)  liminf AT;EI%f)Eg Pare (ACR(d) € C(d, A) Vd € D) >1— o

p—1

1 2p+1

() inf  inf  Paps | sup |cgcr(d,A)ygc§(1+A)<0g”) Y
pe@vm ATE(-)EQP de'Diont n

We end this section discussing how one can build on the data-driven estimators ACR #(d) to
construct an efficient estimator for AC R* that can be used to summarize the ACR’s. Our proposed
estimator is simple to compute as it is based on the plug-in principle, i.e.,

1 —
ACR (D),
nD>0 i:l;() K( )

A/C72* =E, [@IA{(D)‘ D > 0} =

with npso = > 1y 1{D; > 0} denoting the sample size with positive treatment dosage. The next

theorem shows that, under some regularity conditions, this estimator is consistent, asymptotically

normal, and semiparametrically efficient.?

29The semiparametric efficiency bound for average derivatives of conditional expectations was derived by Newey
(1994).
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Theorem 4.3. Let Assumptions 1, 2(a), 3, 5, and Assumption 6 listed in the Appendiz hold. Then,
Vvn (A/C\R* — ACR*) 4 N(0, Vacr),

where Vacor is the semiparametric efficiency bound of ACR* and is given by

fpso(D)
fp>0(D)

Following Newey (1994) and Ackerberg, Chen, and Hahn (2012), we can form a simple and

Vaicr = Var [ACR(D) — (AY —E[AY|D = 0] — ATE(D)) ‘ D > 0}

practical estimator for the Vyor by “pretending” we follow a parametric model for the ATE(d)
and ACR(d) functions and use the delta-method.

5 Continuous DiD in Practice: Causal Effects of Medicare PPS

Our results show that clarity about the causal question is crucial because it shapes the choice of
an estimator, the identifying assumption, and the interpretation. TWFE does not estimate an
interpretable causal parameter, but non-parametric methods can. This section evaluates estima-
tors for treatment effects and causal responses in AF’s study of Medicare PPS and discusses the
interpretation and assumptions of both.

To begin, consider the profit maximization problem for a hospital with Medicare inpatient share
of M = m. We follow AF and assume a production function, F}(L, K), that is homothetic in labor
(L), and capital (K).3® Market wages and rental rates are normalized by the output price, and

Medicare subsidies mean that net input prices are (1 — sz, M)w and (1 — sgyM)r.
TB%?Ft(LaK) — (I =spM)wL — (1 — sgeM)rK

The solution to this problem generates factor demands K, ((1 —sp:M)w, (1 —sgeM)w) and L ((1—
speM)w, (1 — sg¢M)w), and an associated capital labor ratio that is only a function of the input
price ratio.

We define the “dose” or “intensity” of price regulation as the extent to which a hospital’s subsidy

ratio differs from one: % —1= (S{ﬁ;% This reflects the fact that we observe untreated

outcomes in all periods for hospitals with no Medicare patients (M = 0) and for all hospitals before
PPS when sk 1 = sp—1 = s.31 Because PPS set s;; = 0 after 1983, we denote the post-PPS

SKtM
175KtM :

write potential outcomes for the capital-labor ratio as:
_ Ky ((1—sM)w,(1—sM)r)
- Ly((1 = sM)w, (1 —sM)r)

dose as D = The post-PPS net-of-subsidy input price ratio thus equals (1 + D)%, and we

Y1 =Y:-1(0)

30 AF’s theoretical analysis includes a productivity shifter/technology choice, an explicit output price in order to
model Medicare’s prospective payment (output price subsidy) as well as multiple types of labor, and an endogenous
choice of m. We set these modelling choices aside because they do not alter out points about how features of the
production technology map to econometric assumptions.

31We assumed weakly positive doses but D < 0 whenever skg; < sr:. In practice this does not happen under
Medicare PPS, so the non-negative dose assumption is satisfied in this example.
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Y, = V(D) = y( s )  Kj(w, (1= sgM)r)

L—sgeM ) Li(w, (1 — s M)r)

Three details of the theoretical set up are worth noting. First, homotheticity allows us to write
potential outcomes as a function of one treatment—the subsidy ratio—because it implies that scale
effects do not alter input ratios. This strong assumption generates sign predictions and structural
interpretations of treatment effects and causal responses. Without it, potential outcomes are a
function of net labor and capital prices separately and both the theoretical analysis and the defi-
nition of causal parameters is more complicated. Second, we use time subscripts to match the fact
that PPS changed over time, but this is not a dynamic model. The assumed lack of forward looking
behavior implies the no anticipation assumption (Assumption 3). Third, PPS creates convex rela-
tionship between D and M. We define causal parameters in terms of D, but empirical comparisons
across values of M will mix together these parameters with the change of variables required to go
from M to D.3?

5.1 Average Treatment Effects of PPS

PPS sought to help hospitals invest in new medical technologies with the aim of improving patient
outcomes [CITE THAT OTA REPORT], but costly capital investments were also a key source of
medical inflation in the 1980s. The theoretical model predicts that PPS would raised capital-labor
ratios for all treated hospitals (the first part of AF’s prediction 1). The causal question that AF are
primarily interested in—did PPS raise capital-labor ratios?—is thus of first-order importance both
theoretically and in terms of policy.

The building block parameter that answers this question is the average treatment effect of PPS

on hospitals with M = m:

SKt

ATT(d0) = EYi(d) ~ YD = d = E[1i( ) -y =m

As a rough visualization, Figure 4 presents a binned scatter plot of the change in mean capital labor

1—sgrm

ratios before and after PPS against the Medicare share of inpatient days m.?* The red horizontal
line equals the mean change in capital-labor ratio for untreated hospitals, each circle is the mean
outcome change for a given bin of the Medicare inpatient share, and their size is proportional to the
number of hospitals in that bin. Almost all groups of treated hospitals had stronger growth in capital
intensity than untreated hospitals, consistent with the theoretical prediction. If Assumption 4 holds,
then this suggests that ATT(d|d) is generally positive.

Results from the nonparametric estimator in Figure 9 formalize what the scatter plot in Figure 4
suggests: ATT(d|d) > 0 for all observed doses. We do not detect an effect for values of m below 5

percent, but we do reject zero for doses between 0.05 and 0.78. Only one percent of hospitals had

32 Alternative policies that changed s, by a different amount or changed the capital subsidy as well, would create
a different treatment for the group of hospitals with M = m. This highlights the distinction between heterogeneous
effects across groups of a given policy and heterogeneity within a group to alternative policies.

33We use bins of 2 percentage points to make the figure readable, but use the reported values in our replication of
AF’s results and application of our estimators.
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Figure 4: Changes in Capital-Labor Ratios before and After 1983 versus the Medicare Inpatient
Share

more than 78 percent of their inpatient days accounted for by Medicare patients, and the AT'T'(d|d)
estimates are smaller and much less precise at these highest doses. We return to this point below
when we discuss ACR estimates.

The next choice in a typical continuous DiD analysis is how to aggregate the collection of
ATT(d|d) estimates that come from the nonparametric approach. Our view is that the parameter
of interest should guide this choice, and the most natural aggregation to answer questions about
PPS’ treatment effects is based on the actual distribution of the dose (Sun and Shapiro, 2022).
The solid line in Figure 10 plots the smoothed density of M (and therefore D) among treated
hospitals. Averaging the curve in Figure 9 directly using fp|pso(d) gives an estimate of ATT* =
E[ATT(D|D)|D > 0] 0.8. In fact, getting ATT™* is even easier: estimate a 2x2 DiD comparing
average outcome changes for treated versus untreated units: E[AY|D > 0]—E[AY|D = 0]. Because
both terms can be written as integrals over D weighted by fp|p~o(d), this approach also yields
ATT* = 0.8 (s.e. = 0.06).

As Theorem 3.4 shows, the TWFE estimate of 1.13 comes from an alternative way to aggregate
ATT(d|d) parameters. How does this compare to ATT*? First, because about 20 percent of
hospitals have positive Medicare shares that are still below E[M], Theorem 3.4 and Theorem 3.5
imply that the TWFE estimate has negative weights. The long-dashed line in Figure 10 shows this
directly by plotting w!®’(d) for M > 0. But since all ATT(d|d)’s are positive, negative weighting
should understate ATT*, yet (¢ is larger than our preferred estimate of ATT*. The second
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Figure 5: Non-Parametric Estimates of ATT(d|d) for Medicare PPS

reason that these two estimates differ is that, as discussed above, TWFE scales the (negatively
weighted) average of ATT’s by a measure of D. Therefore, comparing /¢ = 1.13 to a similarly
scaled parameter weightd by fpp>o(d), ATT*/E[D] = 0.8/0.45 = 1.78, shows that TWFE is an
underestimate.

Identification of treatment effects relies on parallel trends which researchers typically justify by
presenting evidence of small pre-treatment trends in the outcome (an implication of parallel trends
in all periods). Figure 11 plots event-study estimates of AT'T}" parameters that compare treated to

untreated units so that each coefficient equals:

ﬂi‘égf;;k = E[Y19831(0) — Y1083(0)|D > 0] — E[Y1983+£(0) — Y19583(0)[ D = 0]

An extension of Assumption 4 to all periods implies that these coefficients are zero when k < 0,
although the converse is not true. The actual pre-treatment estimates are small. There is a
statistically significant difference in 1982 of -0.19. This may reflect the fact that PPS was passed in
April 1983 and partially took effect in that calendar year, and also that hospitals report labor and
capital costs for different fiscal years. Therefore, some 1983 outcomes may include post-treatment
months. The results also show that the ATT grows in each year following PPS, which matches the
fact that PPS’ subsidy reforms actually phased in over three years.

Remark 3 above showed that TWFE estimates of pre-trends will tend to understate pre-
treatment differences when parallel trends violations all have the same sign and some treated
groups receive negative weights. The TWFE estimate in 1982 in Figure 1 is 0.29. In contrast,
the estimate from Figure 11 scaled by the mean dose among treated hospitals (0.45) equals 0.42.
TWFE thus underestimates the one-year pre-trend by about one third. Although TWFE still re-
jects the null of zero for the 1982 coefficient, in general it carries the risk of masking evidence of
parallel trends violations by putting negative weight on pre-treatment outcome changes of low-dose

units.
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Figure 6: Weighting Schemes: ATT, ACR, and Dose Distribution for AF

5.2 Average Causal Responses to PPS

The average causal response on the treated after PPS equals:
SKM;
ACRT(di|d;) = E[Y;(di)|D = di] = E |:}/;;f (HKZmZ) ‘M = mz]
Here the mapping between m; and d; is important for interpreting a DiD estimand that compares
the change in outcomes for two dose groups:
0 SKm
—FE|\Yi{{——— ) - Y1(0)|M = =
o 4(725) o] =)

_ 5K s 2 9 _
=0 SKm)2ACRT(dZ|dl) + agATT(dM)]e:m + (%E[AY(OMM =/

This expression shows that under Assumption 5, which ensures that the second and third terms

”Z:m

equal zero, DiD comparisons between hospitals with different Medicare inpatient shares equal
ACR(d;) times the PPS-specific mapping between m; and the subsidy ratio: g—i = (17“;#)2
Since the dose is convex in m, small differences in m skew subsidy ratios more at high Medicare
share than at low ones. A DiD strategy based on m itself therefore yields a parameter that is the
product of this mapping and the underlying ACR.

This also highlights the economic content of SPT in the context of the theoretical model.

6 Conclusion

In this paper, we have studied difference-in-differences approaches to identifying and estimating
causal effects of a multi-valued or continuous treatment. The paper has a number of results that
are potentially useful to empirical researchers, and, to conclude the paper, we briefly summarize

these results.
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Figure 7: Event-Study Estimates of ATT*

First, while ATT-type parameters can be identified under a standard parallel trends assump-
tion, a fundamental complication in the case with a multi-valued/continuous treatment is that
comparisons across different amounts of the treatment are confounded by “selection bias” type
terms that make these sorts of comparisons very difficult to interpret. This kind of bias carries over
to identifying average causal responses of more dose. These sorts of difficulties can be avoided by in-
voking alternative parallel trends assumptions, but these assumptions are likely to be substantially
stronger than the ones most researchers have in mind when they are using a difference-in-differences
identification strategy. In addition, pre-tests commonly used in DiD applications are not able to
distinguish between these two types of parallel trends assumptions.

Furthermore, two way fixed effects regressions that are commonly used by empirical researchers
have a number of drawbacks. In a baseline case with two periods, TWFE regressions deliver a
weighted average of causal responses to the treatment. The weights are all positive, but they are
driven by the estimation procedure which can result in misleading results in a number of realistic
cases. Moreover, in cases where there are multiple time periods, variation in treatment timing
and in treatment intensity (which are common in applications), TWFE regressions are additionally
sensitive to (i) treatment effect dynamics and (ii) heterogeneous causal responses across timing
groups. We propose an identification and estimation strategy that is straightforward to implement

and does not suffer from these drawbacks.
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Figure 8: Non-Parametric Estimates of ATT(d|d) for Medicare PPS
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A Additional Assumptions

Let AY — E[AY|D = 0] = k(D) + u. Under Assumption 4, h(d) = ATT(d|d), whereas under
Assumption 5, h(d) = ATE(d). Let &,0,C,c be some finite, positive constants, and p € (0,1).
Finally, let
o (d) = " (d)E [¢" (D)™ (D)'| D > 0] E [w*" (D)™ (D)'| D > 0] E [¢"(D)y"(D)'| D > 0] 4" (d),
and ||ogr||* = ¥5(d)'E [VX(D)y"™(D)| D > 0]~ *(d), which satisfies ||oq k|| < ox(d) under
2 _

= (09" (d))E [¢" (D)™ (D) | D > 0] (94" (d)).

acr
04K

Assumption 6(i) below. Let ‘
Assumption 6 (Additional regularity conditions).
(i) P(E [u*|X,D >0] <5?) =1, and P (E [u*|X,D > 0] > o?) =1.
(ii) cK < infdeDiont ||O’d,K||2 < SUPgepeont HO‘d7KH2 < CK for all K € K;
(7i5) Hmsup g, o SupdEDﬁr°7lt,K2€IC:K2>K(O'%((d)/ 0%, (d)) < p;

2 _
< CK? for all K € K.

acr
04K

2
(’I/’U) QKS S inde'Di‘)"t S Supdepiont

04K
Assumption 6(iii) is only needed for Theorem 4.2(b), but we keep this assumption here for
simplicity.

B Comparing Alternative Parallel Trends Assumptions

It is worth thinking more carefully about the differences between Assumption 4 and Assumption 5.
In this section, we show that Assumption 5 is not strictly stronger than Assumption 4 though
it is likely to be stronger in practice in most applications. Here, we maintain Assumption 3, so
Yi-1(d) = Yi-1(d') = ¥:-1(0) for any (d,d') € D x D.

To see that Assumption 5 is not strictly stronger, consider the case where there are two doses
di and ds. In this case, Assumption 4 is equivalent to the following conditions

E[AY;(0)|D = di] = E[AY;(0)|D = da] = E[AY;(0)|D = 0] (B.1)
while Assumption 5 is equivalent to
E[AY;(0)] = E[AY(0)]D = 0] (Comp-0)
E[Y;(d1) — Y;-1(0)] = E[Yi(d1) — Yi—1(0)[D = d4] (Comp-1)
E[Yi(da) — Yi-1(0)] = E[Yi(da) — Yi1(0)| D = dy) (Comp-2)

Assumption 4 does not place any restrictions on any potential outcomes besides untreated potential
outcomes, and therefore the “extra” conditions in Equations (Comp-1) and (Comp-2) imply that

Assumption 5 is not weaker than Assumption 4.
On the other hand, Equation (Comp-0) does not imply Equation (B.1); rather, it implies that

B(D = di) B(D = dy)
(D:dl)-i-P(D:dz) (D:dl)—FP(D:dg)

In other words, the trend in untreated potential outcomes does not have to be exactly the same
for all doses, but, instead, they have to be the same on average.

E[AY;(0)|D = 0] = E[AY;(0)|D = di] 5 +E[AY;(0)|D = dal
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In practice, this potentially allows for some units to select their amount of dose on the basis of
the path of their untreated potential outcomes (which is not allowed under the standard parallel
trends assumption in Assumption 4), but that the amount of selection has to average out across
doses to be equal to zero. It seems hard to think of realistic cases where Assumption 5 would be
practically weaker than Assumption 4, though.

A related alternative assumption is

Assumption 5-Alt (Alternative Strong Parallel Trends Assumption). For all d € D and [ € D,
E[Yi(d) = Yi1(d)|D =] = E[Yi(d) = Y;-1(d)| D = d]

Assumption 5-Alt is a stronger, but related version of the strong parallel trends assumption
in Assumption 5. Assumption 5-Alt says that across all potential doses d, the path of potential
outcomes Y;(d) — Y;—1(d) (which, under a no-anticipation assumption, is the path of outcomes
that a unit would experience if they experienced dose d in time period t) is, on average, (i) the
same across all actual doses experienced, [, and (ii) is equal to the average path of outcomes
for units that actually experienced dose d. Further, note that E[Y;(d) — Y;—1(d)|D = ] is not
identified from the sampling process except in the case where | = d (i.e., the left-hand side of
the equation in Assumption 5-Alt is not identified from the sampling process, but the right-hand
side is). It is immediately clear that this assumption implies both Assumptions 4 and 5. While
it does not place restrictions on the levels of untreated potential outcomes in period ¢ — 1, it does
place (substantial) restrictions on treated potential outcomes and on treatment effect heterogeneity
which is demonstrated in the next proposition.

Proposition B.1. Assumption 5-Alt implies that
ATE(d) = ATT(d|d)
Proof. Starting with the definition of AT E(d),
]

ATE(d) = E[Yi(d) — Y¢(0)
[Yi(d) — Yi-1(0)] — E[Y3(0) — ¥;-1(0)]
[¥i(d) — Yi-1(0)|D = d] — E[¥;(0) - Yi-1(0)|D = d]
= E[Y;(d) = Y;(0)|D = d]
= ATT(d|d)
where the second equality holds by adding and subtracting E[Y;_1(0)], the third equality holds by
Assumption 5-Alt (also, notice that this equality does not hold under Assumption 4, nor is AT E(d)

generally equal to ATT(d|d) under Assumption 4 alone), the fourth equality holds by canceling the
two E[Y;—1(0)|D = d] terms, and the remaining term in that equality is ATT'(d|d) O

I
= &
:<il:<

Proposition B.1 shows that Assumption 5-Alt implies that the overall average effect of dose d
is equal to the average effect of dose d for units who actually experienced dose d. The implication
of this result is that Assumption 5-Alt rules out many forms of selection into a particular dose d
on the basis of the effect of that amount of dose.

We end this section by noting that although Assumption 5 allows one to identify the AT E(d)’s
it does not allow one to identify the ATT(d|d)’s parameters. This is because Assumption 5 does
not allow identification of E[Y;(0)|D = d], only their averages across values of d. This indeed
highlights that Assumption 4 and Assumption 5 are non-nested. Of course, as illustrated above in
Proposition B.1, Assumption 5-Alt is strong enough to imply these two conditions.
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C Alternative Decompositions for TWFE Regression

In this section, we provide three alternative decompositions of the TWFE regression estimator in
Equation (1.1) in the baseline case with two periods, where no unit is treated yet in the first period,
and where some units remain untreated in the second period.

The first decomposition is one where 31“7¢ equals a weighted average of 2 x 2 DiD comparisons
between pairs of dose groups scaled by the difference in their doses:

Proposition C.1. Consider ¢ in Equation (1.1) and suppose that Assumption 1 holds.
(1) If Assumption 2(a) holds, then

twfe __ 2><2 ,cont (mA(h) (l))
L A A

h
+/ wSXZcom&(h)mA( ) mA(O) dh
D,h>0

h
where
w1, h) = (h =1 (fo(h) + o)) foigny (W) fpiay (1) /Var(D)
wy #M (h) = K2 (fp(h) + p§)* Foign.0y (M)PG .0y / Var(D)
and

foinay(h) = fD(h)/( p(h) + fp(l))
foignay () = fo(0)/(fp(h) + fp(D))
foinoy(h) = fo(h)/(fo(h) + pd)
pOD|{h,0} =5 /(fp(h) +pf)
In addition, w} > (1,h) > 0 for all (I,h) € Dy X Dy, ngQ’Cont(h) >0 for all h € Dy,
and [p, fppey w31 R) dhdl+ [ wy M (h) dh = 1.
(2) If Assumption 2(b) holds, then

Btwfe _ Z Z w2><2,disc(l7 h) (mA(h) - mA(l))

(h —1)
€D heD,h>1

where
wPAE (1 by = (h =120 + PR P g (1 = Pif(gm)/ Var(D)
Pl = P(D =1|D € {l,h})
and p? =P(D = h), pP =P(D =1). In addition, w?*>%5¢(I,h) > 0 for all (I,h) € D?* and
D 1eD 2oheD bl w2 se(] p) = 1.

Proof. From the proof of Theorem 3.4, we have that

p-u[EE )]

= (5] Jo(h~ ED)ma(h) aFp(h)
—Varl(D ( ldFD )> A(h) dFp(R)
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1
~ Var(D) // h)dEp(h) dEp(l)
1
~ Var(D) / /Dh>l — )(ma(h) —ma(l)) dFp(h) dFp(l)

Varl //Dh>l - mA(?f)L 1) (l))dFD(h)dFD(l) (C.1)

where the second equality holds by writing the expectation as an integral, the third equality write

E[D] as an integral, the fourth equality rearranges terms, the fifth equality holds because the

integrations are symmetric, and the last equality holds by multiplying and dividing by (h — ).
The above arguments hold if treatment is continuous or discrete. Under Assumption 2

Equation (C'l):varl(p)/m /I)7h>l(h_l)2(mA(?f)L—l) D) (k) fo(0) dh di

1 ama(h) —ma(0) D
+ (D) /D o Oy

which holds by splitting up the first integral in Equation (C.1) by whether [ € D4 or [ = 0. Then,
the result for part (1) holds by multiplying and dividing the first line by (fp(h) + fp(1))? and by
the definition fp,y and multiplying and dividing the second line by (fp(h) + pY)? and by the
definitions of fp(p,0) and pﬁ{h,o}'

Under Assumption 2(b),

1 ma(h) —ma(l)) p p
E 1)
quation (C.1) Var(D Z Z 1) pPpl
IED heD,h>l
1 ma(h) —ma(l))  p , py2 p D
= V() 2= 2 (8 = @) gy (= Piigen)
IED heD,h>l

where the first equality holds immediately and the second equality holds by multiplying and dividing
by (plD + phD)2 and by the definition of plj|j{g,h )

That the weights are all positive holds immediately by their definitions. That the weights
integrate to one holds because

1
/ / wa2’CO”t(z,h)dhdz+/ wy 3" (h) dh = //1{h>l}(h—l)2dFD(h)dFD(l)
Dy JDh> D, Var(D) Jp Jp
=1

The same sort of argument holds for the discrete case as well. O

Proposition C.1 is analogous to the decomposition theorem for binary staggered timing designs
in Goodman-Bacon (2021) in that it expresses the TWFE coefficient as a variance-weighted average
of 2 x 2 DiD comparisons (it is also mechanically very similar to the Wald-IV theorem in Angrist
(1991)). Each 2 x 2 term is the change in average outcomes for a group with a higher dose (ma(h))
minus the same difference for a group with a lower dose (ma(l)), divided by the difference in
their doses (h — 1). de Chaisemartin and D’Haultfceuille (2018) refer to this as a “Wald-DD”
estimator. The weights combine the size of each subsample, (plD + pf ), with the variance of the
dose in that subsample. The variance depends on the relative size of the two groups, measured by
pﬁ{% n (1— plﬁ){% h}), and the distance between their doses, (h—1). This formula reflects the intuitive
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Notes: The figure plots each 2 x 2 Wald DiD estimate against its weight from Proposition C.1. Closed black circles
are comparisons between one dose group and untreated observations: (AY; — AYy)/h. Open gray triangles are
comparisons between two dose groups: (AY;, — AY;)/(h — £). The weights are proportional to the share of
observations in each subsample (ny, 4+ n¢)? and the variance of the dose in each subsample. The variance of the dose

equals the relative size of the two groups (nne(1 — nne)), and the square of the distance between their doses (h — €)2.

Figure 9: Baseline Case Decomposition: Two-Way Fixed Effects Estimator as a
Weighted Average of Wald-DiDs

way researchers read a scatter plot between ma (d) and d: each (%) is the slope of a line

connecting two points and large groups and groups with very different doses (i.e., far apart on the
x-axis) have the most influence on the slope.

Using the same simulated data as in Appendix E, Figure 9 represents the decomposition result
for g*wfe in a different way by plotting each 2 x 2 Wald-DiD against its weight as in Figure 6 of
Goodman-Bacon (2021). Comparisons between each treated group and the untreated group are in
black circles and comparisons between two treated groups are in gray triangles. With K non-zero
doses and some untreated units there are (K + 1)K /2 Wald-DiD comparisons in Proposition C.1.
With 18 non-zero doses our example has 171 Wald-DiD terms. Because the untreated group is so
large (a quarter of the sample), comparisons to the untreated group get about half the weight in
this example even though there are just 18 of them, one for each observed dose.

Next, we consider a decomposition that is based on (ma(d) — ma(0))/d. Under, for example,
Assumption 5, this expression is equal to AT E(d)/d which is an alternative way to define an average
causal response.

Proposition C.2. Consider 3t“/¢ in Equation (1.1) and suppose that Assumption 1 holds.
(1) If Assumption 2(a) holds, then

/Btwfe _ /D willt-acr,cont(l) (mA(l) —l mA(O)) dl
+
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where

wptreeme(y = LB o

In addition, [pwemom(1)dl = 1, but w9 (]) can be negative for some values of
leD.

(2) If Assumption 2(b) holds, then

-acr,disc (Ma(l) —ma(0))
Btwfe _ Z walt acr,disc
leDy l
where
_a-EDh
Var(D) !

In addition, Zl€D+ wl-acrdise (1) = 1 put w-acrdisc can be negative for some values of | € D.

walt—acr, disc( )

Proof. From the proof of Theorem 3.4, we have that
P(D > 0)

ptwfe — Var(D) PP ~ ED)(ma(D) = ma(0))|D > 0]
_ m /D (= ED)(ma(l) = ma(0) dFpipsoll)
_ w /m(z —gppimad 7 ma(0) dFp|p>o(l)
- /. - s o) 2 maO) g g

— / walt-acr,cont(l) (mA(l) _l mA (O)) dl
Dy

where the second equality holds by writing the expectation as an integral, the third equality holds
by multiplying and dividing by [, the fourth equality holds under Assumption 2, and the last
equality holds by the definition of w?lt-acr,cont
For part (2), the first three equalities above continue to hold. The fourth equality replaces the
integral with a summation and fp(l) with plD : then the result holds by the definition of w?!t-acr.disc,
In both cases, the weights can be negative because it is possible that [ < E[D] for some values
of [ € D,. That the weights integrate to 1 holds because

/D ) walt-acreont 1y g — ( /D ) (I — E[D))ldFp(l) + (0 — E[D])0OP(D = o)) / Var(D)

- (/D(Z—IE[D])ldFD(Z)) /Var(D)
1

An analogous argument applies for w?t-acr.disc, O

Finally, we provide a decomposition in terms of levels of paths of outcomes: ma(d) — ma(0).

Proposition C.3. Consider 3t“/¢ in Equation (1.1) and suppose that Assumption 1 holds.
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(1) If Assumption 2(a) holds, then

ﬂtwfe _ / wlevels,cont(l)(mA(l) — mA(O)) dl
D

where

evels,cont _ (l B E[D])
w'eet (1) = VT(D)JCD(Z)

In addition, [;w'™sc"(1)dl = 0, and w'***<°™(1) can be negative for some values of | € D.
(2) If Assumption 2(b) holds, then
IBtwfe — Z wlevels,diSC(mA(l) o mA(O))
€Dy

where
(1 —E[D])
Var(D) P’

In addition, 3_cp, wlevels dise(1) = 0, but w'eves:disc can be negative for some values of | € D.

wlevels, disc(l) _

Proof. From the proof of Theorem 3.4, we have that

giwse — mmw _E[D])(ma(D) — ma(0))|D > 0]
P(D >0
_ W /D A= EID)(ma®) ~ ma(0) dFoipoft)

1
- ) /D+(l —E[D)(ma(l) — ma(0)) fo(l) di

— / wlevels,cont(l)(mA(l) . mA(O)) dl
D+

where the second equality holds by writing the expectation as an integral, the third equality holds
under Assumption 2, and the last equality holds by the definition of wtevets:cont,
For part (2), the first two equalities above continue to hold. For the third equality, replace the
integral with a summation and fp(l) with pP; then the result holds by the definition of wlevels.disc,
In both cases, the weights can be negative since | can be less than E[D]. That the weights
integrate to 0 holds because

/D ) wlevelseont (1) d| = < /D ) (I — E[D])dFp(l) + (0 — E[D])0P(D = 0)) / Var(D)

_ </ (lJE[D])dFD(l)) /Var(D)
D

= (E[D] - E[D])/Var(D)

=0

An analogous argument applies for wlevels:disc, O

Proposition C.3 suggests that it would be inappropriate to interpret 3%“/¢ as approximating
the level effect of the dose.
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D Additional Details for Multiple Periods and Variation in Treat-
ment Timing

In this section, we consider alternative identifying assumptions for treatment effect parameters of
interest in the case with multiple periods, variation in treatment timing, and where the dose can
vary across units.

As in the baseline case with two time periods, identifying ATT parameters involves untreated
groups that serve as a valid counterfactual for treated groups. We first define a parallel trend
assumption similar to Assumption 4 whose parts correspond to different comparison groups and
time periods where one may believe that parallel trends in untreated potential outcomes holds.

Assumption 4-MP (Parallel Trends with Multiple Periods and Variation in Treatment Timing).

(a) Forallge G, t=2,...,T,de D, E[AY;(0)|G = g, D = d] = E[AY;(0)|D = 0]
(b) Forallge G, t=g,...,T,de D, E[AY;(0)|G = g,D = d] = E[AY;(0)|D = 0]

(¢c) Forallge G, t=g,...,T,de D, E[AY(0)|G = g,D = d] = E[AY:(0)|G = k] for all groups
k € G such that t < k (i.e., pre-treatment periods for group k).

Assumption 4-MP(a) is the strongest assumption about paths of untreated potential outcomes.
It says that paths of untreated potential outcomes are the same for all groups and for all doses
across all time periods. Assumption 4-MP(b) says that the path of outcomes for group g in post
treatment time periods is the same as the path of untreated potential outcomes among never-treated
units. Parallel pre-trends need not hold under part (b). Assumption 4-MP(c) says that the path
of outcomes for group g in post treatment time periods is the same as the path of outcomes among
all groups that are not treated yet in that period — this includes both the untreated group as well
as groups that will eventually be treated but that are not treated yet. Based on the results in
earlier sections, note that each parallel trends assumption in Assumption 4-MP is directed towards
identifying ATT(g,t,d|g,d) rather than ATE(g,t,d).

Next, we provide an analogous set of assumptions that target identifying AT FE(g,t,d).

Assumption 5-MP-Extended (Strong Parallel Trends with Multiple Periods and Variation in
Treatment Timing).

(a) For all g € g; = 27"'7T7 and d € D? E[ift(gad) - K,1(0)|G = gaD = d] = E[Y;(gad) -
Y;1(0)[G = g] and E[AY(0)|G = g, D = d] = E[AY;(0)|D = 0

(b) For allg € G, t =g,...,T, d € D, E[Yi(g,d) - Y%—I(OMG =g D = d} = E[m(gvd) -
Y 1(0)[G = g] and E[AY,(0)|G = g, D = d] = B[AY;(0)|D =0

= k| for all groups k € G such

(c) Forallg € G, t = g,..., T, d € D, E¥i(g,d) — Y, 1(0)
Yi1(0)[G = g] and BIAYA(0)[G = g, D = d] = E[AY;(0)|G
that t < k (i.e., pre-treatment periods for group k).

Parts (a), (b), and (c) of the assumption correspond to the same parts in Assumption 4-MP
and differ based on which group is used as the comparison group in terms of untreated potential
outcomes. Part (a) additionally corresponds to Assumption 5-MP in the main text. Finally, the
reason that there are two parts to these assumptions rather than just one as in Assumption 4-MP is
that, in the setup of this section, conditional on being in group g with ¢ > g, there are no untreated
units in the group; thus, the second part of the assumption handles untreated potential outcome
slightly differently than treated potential outcomes.
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Theorem D.1. Under Assumptions 1-MP, 2-MP(a), and 3-MP, and for all g € G, t = 2,...,T
such that t > g, and for all d € D,

(1a) If, in addition, either Assumption 4-MP(a) or (c) holds, then
ATT(g,t,d|g,d) =E[Y; = Yy_1|G = g,D =d] — E[Y; — Y,_1|W; = 0]
(1b) 1If, in addition, Assumption 4-MP(b) holds, then
ATT(g,t,d|g,d) = E[Y; = Yy_1|G =g,D =d] — E[Y; = Y,_1|D = 0]
(2a) If, in addition, either Assumption 5-MP-Extended(a) or (c¢) holds, then
ATE(g,t,d) =E[}Y; = Y,_1|G=g,D =d] - E}Y; — Y,—1|W; = 0]
(2b) If, in addition, Assumption 5-MP-Extended(b) holds, then
ATE(g,t,d) =E[Y; —Y,—1|G =g,D =d] — E[Y; — Y;_1|D = 0]

The proof of Theorem D.1 is provided in Appendix G. Part (la) of Theorem D.1 says that
ATT(g,t,d|g,d) — the average effect of participating in the treatment in time period ¢ among
units who became treated in period g and experienced dose d — is identified under a parallel
trends assumption and that it is equal to the average path of outcomes experienced by units in
group ¢ under dose d adjusted by the average path of outcomes experienced among units that are
not-yet-treated by period ¢. The results in the other parts are similar as well. For part (1b), the
weaker parallel trends assumption in Assumption 4-MP(b) implies that the never-treated group
should be used as the comparison group (this is a smaller comparison group relative to the not-
yet-treated group). Parts (2a) and (2b) show that under Assumption 5-MP-Extended the same
estimands identify ATE(g,t,d).

Remark 5. The parallel trends assumptions in Assumption 4-MP are not the only possible ones.
Interestingly, with a multi-valued/continuous treatment, there are some possible (and reasonable)
comparison groups that are available that are not available with a binary treatment. For example,
one could assume that

Forallge G, t=g,...,T,d e D, E[AY(0)|G = g,D = d] = E[AY;(0)|G = k, D = d] for all
groups k € G such that t < k (i.e., pre-treatment periods for group k).

This sort of assumption amounts to using as a comparison group the set of units that are
not yet treated but will eventually experience the same dose. It is straightforward to adapt the
approach described in Theorem D.1 to this sort of case and propose related estimators that can
deliver consistent estimates of ATT(g,t,d|g,d).

Remark 6. If a researcher is interested in targeting a particular ATT(g,t,d|g,d) or ATE(g,t,d), it
is generally possible to weaken Assumption 4-MP or 5-MP-Extended. For example, one could make
parallel trends directly about long differences, (Y; — Y,_1), rather than all short differences (this
sort of assumption is generally weaker), or, in part (c) of each assumption, use more aggregated
comparison groups instead of imposing parallel trends for all possible comparison groups (which is
also weaker), or alternatively only make parallel trends assumptions for the particular dose being
constdered.
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E Multiple Periods and Variation in Treatment Timing and Dose

DiD applications often use more than two time periods in which case treatments, whether binary
or not, can turn on at different times for different units. This section extends the results from
the previous sections to allow for multiple time periods (¢t = 1,...,7) with variation in the time
when units become treated (G = g € G). By convention, we set G = T + 1 for units that remain
untreated across all time periods, and we exclude units that are treated in the first period so that
G C{2,...,T +1}.3 Treated units receive dose D = d € D. We also focus on the case that
treatment is an absorbing state (or where units do not “forget” their treatment experience).

In this section, we somewhat modify the potential outcomes notation from the previous section
to allow for variation in treatment timing. For each unit, we define potential outcomes Y (g, d)
indexed by both treatment timing and dose. Note that treated potential outcomes at time ¢
depend on when a unit first becomes treated—i.e., Y;(g,d) may not equal Yj;(¢',d) for g # g'—
which allows for general treatment effect dynamics. Y (7 + 1,0) is the outcome that unit ¢ would
experience if they did not participate in the treatment in any period. For simplicity, we define
Y;1(0) = Y3 (T + 1,0) and refer to this as a unit’s untreated potential outcome.>> We also define
the variable Wy, = D;1{t > G;} which is the amount of dose that unit ¢ experiences in time period
t; Wi = 0 for all units that are not yet treated by time period t.

Throughout this section, we make the following assumptions.

Assumption 1-MP (Random Sampling). The observed data consists of {Yi1,...,Yir, Di, Gi}7
which is independent and identically distributed.

Assumption 2-MP (Support). (a) The support of D, D = {0}UD. In addition, P(D =0) >0
and dFp|g(d|g) > 0 for all (g,d) € (G\{T +1}) x Dy

(b) Dy = [dr,dy] with 0 < df, < dy < oo.

(¢) Forallge (G\{T +1}) andt=2,...,T, E[AY:|G = g, D = d] is continuously differentiable
ind on Dy.

Assumption 3-MP (No Anticipation / Staggered Adoption). (a) For all ¢ € G and t =
1,..., T witht < g (i.e., in pre-treatment periods), Yi(g,d) = Y;(0).

(b) Wix =0 almost surely and for t =2,...,T, Wi—1 = d implies that Wy = d.

Assumption 1-MP says that we have access to T periods of panel data and observe each unit’s
dose and treatment timing. Assumption 2-MP extends our definitions of the support of D to the
case with multiple periods and variation in treatment timing. As in earlier sections, many of our
identification results only require part (a) (which allows for very general treatment regimes) while
some of our results are specialized to the continuous case as in parts (b) and (c).?® Assumption 2-
MP also imposes a kind of common support of the dose across timing groups, though it allows
for the distribution of the dose to vary across timing groups in otherwise unrestricted ways; that

34We could alternatively use G = oo for units that remain untreated across all time periods.

35The analysis in this section could be extended to allow for units to be “treated” at time g but with d = 0.
For example, units may live in a jurisdiction that implements a program at time g for which they are not eligible.
Similarly, we could allow for units to have dose d but remain untreated g = 7 + 1. This would make sense if a
program’s dose was based on a known formula so that it was possible to observe d even for units not actually selected
for treatment.

36For the results in this section that are specialized to the case where the treatment is continuous, it is straight-
forward to adjust them to allow for a multi-valued discrete treatment along the same lines as in the previous section.

45



said, it appears to be straightforward to relax this part of the assumption at the cost of additional
notation.

Assumption 3-MP(a) rules out that units anticipate experiencing the treatment in ways that
affect their outcomes before they actually participate in the treatment. It would be relatively
straightforward to extend our arguments in this section to allow for anticipation along the lines of
Callaway and Sant’Anna (2020) (in the case of a binary treatment). Assumption 3-MP(b) implies
that we consider the case with staggered adoption which means that once units become treated with
dose d they remain treated with dose d in all subsequent periods. This allows us to fully categorize
a unit by the timing of their treatment adoption and the amount of dose that they experience.

For each unit, we observe their outcome in period ¢, Y;;, which is given by

In other words, we observe a unit’s untreated potential outcomes in time periods before they
participate in the treatment, and we observe treated potential outcomes in post-treatment time
periods that can depend on the timing of the treatment and the amount of the dose.

E.1 Parameters of Interest with a Staggered Continuous Treatment

The causal parameters of interest are the same as in our baseline case except that they are separately
defined for each timing group and in each post-treatment time period. The average treatment effect
parameters of dose d, for group g, in time period ¢ are:

ATT(g,t,d|g,d) = E[Yi(g,d) — Y;(0)|G = g,D = d] and ATE(g,t,d) = E[Y(g,d) — ¥;(0)|G = g].

ATT(g,t,d|g,d) is the average effect of dose d, for timing group g, in time period ¢, among
units in group ¢ that experienced dose d. ATFE(g,t,d) is the average effect of dose d among all
units in timing group g (not all units in the population though), in time period t. ATT(g,t,d|g,d)
and ATE(g,t,d) are similar to the group-time average treatment effects discussed in Callaway and
Sant’Anna (2020) except they are also specific to a dose, and allow for the effect of dose to vary
arbitrarily across timing groups and time periods.

ACR parameters are similarly defined as the effect of a marginal change in the dose on the
outcomes of timing group ¢ in period t. For continuous treatments the AC R parameters are:

_ OE[Yi(g,1)|G = g,D = d]
- ol ’
l=d
OE [Yy(g,d)|G = ¢]
od

ACRT(g,t,d|g,d)

ACR(g,t,d) =

For discrete treatments the AC R parameters are:

ACRT(g,t,djlg,d;) = E[Yi(g,d;) — Yi(g.dj—1)|D = d;, G = g],
ACR(g,t,d;) = E[Yi(g,dj) = Yi(g, dj1)|G = g].

The two parameters—ACRT(g,t,d|g,d) and ACR(g,t,d)—correspond to ATT(g,t,d|g,d) and
ATE(g,t,d) in that they are either local to a specific timing group and dose or refer to the entire
population.

In many applications, ACR(g,t,d) is relatively high-dimensional and challenging to report.
There are a number of possible aggregations that reduce dimensionality and result in parameters
that are easier to interpret. We focus on aggregations into an overall causal response across doses,
timing groups, and treated periods, as well as into an event study; see Callaway and Sant’Anna
(2020) for additional possible aggregations along these lines. Also, note that the aggregations
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considered below are identified if ACR(g,t,d)’s are identified.
To start with, we define an overall causal response of experiencing dose d, for timing group g,
across all post-treatment time periods

-
1
ACRI™™(g. d) = —— Z ACR(g,t,d).
t=g

These can be further aggregated by averaging across timing groups,

ACRovemll(d) _ ZACRgroup(% d)P(G=g|G<T,D=4d)
g€y

ACR"r () is the average causal response of dose d across all timing groups that participate in
the treatment in any period. It averages ACR(g,t,d) across all observed doses, groups, and treated
periods (in other words, all doses at each event-time and then across all event-times). This is a
natural analogue of ACR(d) in the two period case.

Another further aggregation is to average across the distribution of the dose (of all timing
groups that participate in the treatment)

ACR*™ = E |ACR™(D)|G < T] .

ACR*™P is the overall average causal response (averaged across doses and and over all timing
groups that participate in the treatment in any time period). ACR*™P is a single number; it is
the analogue of ACR* from the two period case and is arguably a natural target parameter for a
TWFE regression.

Next, we consider an event study type of aggregation.

ACR%(e,d) => 1{g+e < T}ACR(g,g + ¢,d)P(G = g|G + e < T,D =d).
geg

ACR®(e,d) is the average causal response of dose d among units that have been exposed to the
treatment for exactly e periods. This can be further aggregated across the distribution of the dose

ACR(e) = E[ACR*(e, D)|G < T],

which is the average partial effect (averaged across all doses) among units that have been exposed
to the treatment for exactly e periods. Importantly, this keeps the distribution of the dose constant
across different lengths of exposure to the treatment; the distribution of the dose is set to be equal
to the distribution of the dose among the group of units that ever participate in the treatment. For
values of e > 0, ACR(e) can be interpreted as dynamic effects; but it is also interesting to consider
cases where e < 0 which can be interpreted as a pre-test of the parallel trends assumption.

Remark 7. The aggregations above are related to ACR(g,t,d), but similar arguments would
apply to other parameters discussed in the paper including ATT(g,t,d|g,d), ATE(g,t,d), and
ACRT(g,t,d|g,d).

E.2 Identification with a Continuous Treatment and Staggered Timing

With multiple time periods and variation in treatment timing, there are several possible versions
of parallel trends and strong parallel trends assumptions that one could make because there are
many ways to compare groups with different changes in their dose over time.

We focus on a version of strong parallel trends in this section and we provide a number of
alternative parallel trends assumptions (and corresponding identification results) in Appendix D.
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Assumption 5-MP (Strong Parallel Trends with Multiple Periods and Variation in Treatment
Timing). For all g € G, t = 2,...,7, and d € D, E[Yi(9,d) — Y;-1(0)|G = ¢g,D = d] =
E[Yi(g,d) = Yi-1(0)|G = g] and E[AY}(0)|G = g, D = d] = E[AY;(0)|D = 0].

Assumption 5-MP is an extension of Assumption 5 to the case with multiple time periods. In
particular, it restricts paths of treated potential outcomes (not just paths of untreated potential
outcomes) so that all dose groups treated at time g would have had the same path of potential
outcomes at every dose.

Theorem E.1. Under Assumptions 1-MP, 2-MP(a), 3-MP, and 5-MP, and for all g € G, t =
2,...,T such that t > g, and for all d € D..

ATE(g,t,d) = E[Y, — Y, 1|G = g, D = d] ~ E[Y; — Y, 1|W, = 0].
If, in addition, Assumption 2-MP(b) and (c) hold, then, for all d € Dy,

OE[Y; — Yy1|G = 9. D = d
od

The proof of Theorem E.1 is provided in Appendix F. The result is broadly similar to the one in
the case with two periods. It says that AT E(g,t,d) can be recovered by a DiD comparison between
the path of outcomes from period g — 1 to period ¢ for units in group g treated with dose d and
the path of outcomes among units that have not participated in the treatment yet. Relative to the
case with two time periods, the main difference is that the “pre-period” is ¢ — 1. The reason to
use the base period g — 1 is that this is the most recent time period when the researcher observes
untreated potential outcomes for units in group g. Thus, the result is very much like the case with
two time periods: take the most recent untreated potential outcomes for units in a particular group,
impute the path of outcomes that they would have experienced in the absence of participating in
the treatment from the group of not-yet-treated units (these steps yield mean untreated potential
outcomes that units in group g would have experienced in time period t) and compare this to the
outcomes that are actually observed for units in group g that experienced dose d.

Remark 8. Theorem E.1 identifies ATE(g,t,d) and ACR(g,t,d) under a version of strong parallel
trends. In Appendiz D, we discuss identifying ATT(g,t,d|g,d) and ACRT(g,t,d|g,d) under a
version of parallel trends that only involves untreated potential outcomes; in this case, like in the
two period case, ATT(g,t,d|g,d) is identified, comparisons of ATT(g,t,d|g,d) across different
values of d do not deliver a causal effect of moving from one dose to another (as they additionally
include “selection bias” terms), and derivative of paths of outcomes over time do not recover
ACRT(g,t,d|g,d) due to the same “selection bias” terms.

ACR(g,t,d) =

Remark 9. It is natural to estimate ATE(g,t,d) by simply replacing the population averages in
Theorem E.1 by their sample counterpart. This approach is very simple and intuitive, but in some
cases, it may be possible to develop more efficient estimators using GMM. See the discussion in
Marcus and Sant’Anna (2021) in the context of a binary treatment. When treatment d is continuous,
some smoothing is required. However, one can use off-the-shelf standard nonparametric estimations
procedures based on kernels or sieves to estimate these target causal parameters.

E.3 TWFE estimators with multiple time periods and variation in treatment
timing

In applications with multiple periods and variation in treatment timing, empirical researchers al-

most always estimate a TWFE regression

Yie = 0; 4+ mi + BT Wiy + vy (E.1)
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Equation (E.1) is exactly the same as the TWFE regression in the baseline case with two periods
in Equation (1.1) only with the notation slightly adjusted to match this section. The results in
this section generalize the results in several recent papers on TWFE estimates including Goodman-
Bacon (2021) and de Chaisemartin and D’Haultfoeuille (2020) to our DiD setup with variation in
treatment intensity.

To start with, write population versions of TWFE adjusted variables by

T T
Wit = (Wi — W;) — <E[Wt] — ;_ZE[W,:]) ,  where W; = ;-ZVVzt
t=1 t=1

The population version of the TWFE estimator is

Btwfe _ 1t:; : ) (E2)
=2 BV

As in the previous section, we present both a “mechanical” decomposition of the TWFE esti-
mator and a “causal” decomposition of the estimand that relates assumptions to interpretation.

In order to define these decompositions, we introduce a bit of new notation. First, define the
fraction of periods that units in group g spends treated as

Gg _ T-(g-1)
T

For the untreated group g = 7 + 1 so that G741 = 0.

Next, we define time periods over which averages are taken. For averaging variables across time
periods, we use the following notation, for ¢t; < to,

t2

_ 1
v — Ny,
i tz—t1+1; "

It is also convenient to define some particular averages across time periods. For two time periods g
and k, with k > g, (below, g and k will often index groups defined by treatment timing), we define

zPRE(g) — yLe-1) Y;MID(g,k) _ ylek-1)

) ’ 7 ?

YiPOST(k) _ Yi(k,T).

VIREW i the average outcome for unit ¢ in periods 1 to g — 1, }_@MID(Q k)

(2
for unit 4 in periods g to k — 1, and )_QPOST(g’k)
T. Below, when g and & index groups, EPRE(Q)
units in either group are treated, YiM[D )

is the average outcome
is the average outcome for unit 4 in periods k to
is the average outcome for unit ¢ in periods before

is the average outcome for unit ¢ in periods after group
g has become treated but before group k has been treated, and )7iPOST(k)
for unit ¢ after both groups have become treated.

To fix ideas about how the staggered-timing/continuous treatment case works, consider a setup
with two timing groups, g and k with & > g. Some units in the “early -treated” group have d = 2
and others have d = 4. Some units in the late treated group have d = 5 and others have d = 6.
Thus, the four groups are early-treated/high-dose, early-treated/low-dose, late-treated/high-dose,
and late-treated /low-dose. Figure 10 plots constructed outcomes for these groups with a treatment
effect that is a one-time shift equal to d'*.

Following Goodman-Bacon (2021), we motivate the decomposition of the TWFE estimand by

is the average outcome
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Notes: The figure plots simulated data for four groups: early-treated/high-dose, early-treated/low-dose,
late-treated /high-dose, and late-treated /low-dose.

Figure 10: A Simple Set-Up with Staggered Timing and Variation in the Dose

considering the four types of simple DiD estimands that can be formed using only one source of
variation. The first comparison is a within-group comparison of paths of outcomes among units
that experienced different amounts of the treatment.

GWITHIN (gy Cov(YFOSTl) — yPREGW), D|G = g)
Var(D|G = g)

This term is essentially the same as the expression for the TWFE estimand in the baseline two-
period case. It equals the OLS (population) coefficient from regressing the change in average
outcomes before and after g for units treated at time g on their dose, d. Figure 11 uses the four-
group example to show how §WITHIN (g} and WITHIN (k) use higher-dose units as the “treatment
group” and lower-dose units as the “comparison group”.
The second comparison is based on treatment timing. It compares paths of outcomes between
a particular timing group g and a “later-treated” group k (i.e., kK > g) in the periods after group g
is treated but before group k becomes treated relative to their common pre-treatment periods.3”
5MID,PRE(g’ k) _ E [(YMID(g,k) _ YPRE(g))|G _ g] . [(YMID(g,k) _ YPRE(Q))’G _ /C] . (E4)
E[D|G = g]
Panel A of Figure 12 plots the outcomes used in this comparison with timing-group averages in
black and the specific dose groups from Figure 10 in light gray. Under a parallel trends assumption,
we show below that this term corresponds to a reasonable treatment effect parameter because the

. (E.3)

3"Each of the following expressions also includes a term in the denominator. Below, this term is useful for inter-
preting differences across groups as partial effects of more treatment, but, for now, we largely ignore the expressions
in the denominator.
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Figure 11: Within-Timing-Group Comparisons Across Doses

path of outcomes for group k (which is still in its pre-treatment period here) is what the path
of outcomes would have been for group ¢ if it had not been treated. Also note that this term
encompasses comparisons of group g to the “never-treated” group.

The third comparison is between paths of outcomes for the “later-treated” group k in its post-
treatment period relative to a pre-treatment period adjusted by the same path of outcomes for the
“early -treated” group g.

E [(YPOST(k) _ YMID(g,k)) |G — k’] _E [(YPOST(IC) _ YMID(g,k)) |G — g]
E[D|G = k|

5POST,MID (97 k)

(E.5)

These terms use the already-treated group g as the comparison group for group k. Panel B of
Figure 12 plots the outcomes used in this term. Mechanically, the TWFE regression exploits this
comparison because group g¢’s treatment status/amount is not changing over these time periods.
However, these are post-treatment periods for group g and parallel trends assumptions do not place
restrictions on paths of post-treatment outcomes, which are subtracted in Equation (E.5). Below
we discuss assumptions about treatment effect heterogeneity over time that are necessary to deal
with this issue.?®
The final comparison that shows up in the TWFE estimator is between paths of outcomes
between “early” and “late” treated groups in their common post-treatment periods relative to
their common pre-treatment periods. In other words, this comparison only uses periods in which
treatment status differs and focusing only on the “endpoints” where the two timing groups are
either both untreated or both treated with potentially different average doses.
5POST,PRE(Q7 k) = E [(YPOST(k) — YPRE(Q)) |G = 9] —E [(YPOST(k) — YPRE(g)) G = k] . (E.6)
E[D|G = g] - E[D|G = k|
Figure 13 shows the outcomes that determine the comparisons that show up in this term. The
reason that this term shows up in 5"7€ is that differences in the paths of outcomes between groups

38This sort of comparison also shows up in the case with a binary, staggered treatment. See, e.g., Borusyak and
Jaravel (2017), de Chaisemartin and D’Haultfeeuille (2020) and Goodman-Bacon (2021).
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Notes: The figure shows the between-timing-group comparisons that average the outcomes in groups g and k across
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Figure 12: Between-Timing-Group Comparisons

that have different distributions of the treatment are informative about f**f¢. For example, if
more dose tends to increase outcomes and group g¢’s dose is higher on average than group k’s, then
outcomes may increase more among group g than group k resulting in 6795TPRE (g k) not being

equal to 0.39
Next, we show how S/¢ weights these simple DiD terms together and discuss its theoretical
interpretation under a parallel trends assumptions. To characterize the weights, first, define

Pylig.ky = P(G = g|G € {g,k}),

which is the probability of being in group g conditional on being in either group g or k. We also
define the following weights, which measure the variance of the treatment variable used to estimate
each of the simple DiD terms in equations Equations (E.3) to (E.6).

w? N (g) = Var(D|G = g)(1 — G,4)Gypq ZE Wi,

08 2 a2 2 1
w9 (g, k) = E[D|G = g]*(1 = G)(Gy — Gi)(pg + Pk)*Dg| 19,0} (1 — Pg{g,k})/T > R,

t=1

-
_ _ 1 .
whPost (g k) = E[D|G = k]*Gr(Gy — Gr.)(pg + 1) Pl g3 (1 —pg{g,k})/T Z]E[Wft],
t=1

-
_ _ 1 .
w'™(g, k) = (E[D|G = g] — E[D|G = k])*Gr(1L — Gg)(pg + pr)*Pgi{g} (1 = Pgi{g.k}) T > EW.
=1

These weights are similar to the ones in Goodman-Bacon (2021) in the sense that they combine
the size of the sample and the variance of treatment used to calculate each simple DiD term.
In w9w*hin(g) for example, Var(D|G = g) measures how much the dose varies across units with

39To be more precise, this term involves comparisons between groups g and k for the group with a higher dose
on average to the group with a smaller dose on average. When E[D|G = g] > E[D|G = k|, this corresponds to
the expression in Equation (E.6). When E[D|G = g] < E[D|G = k], one can multiply both the numerator and
denominator by —1 so that we effectively make a positive-weight comparison for the group that experienced more
dose relative to the group that experienced less dose.

52



Units of v

@50
Treatment, E[D|G=g] = 5.5 ———p*"e®

M,-G‘?'“'ﬁﬂ Comparison, E[D|G=k] = 3

PRE{g) POST(K)
(—————»

g Time k

Notes: The figure shows the comparisons between timing groups in the POST (k) window when both are treated
with potentially different average doses and the PRE(g) window when neither group is treated.

Figure 13: Long Comparisons Between Timing Groups

G=yg, (1- C_}g)ég measures the variance that comes from timing which falls when g is closer to 0 or
T, and p, measures the share of units with G' = g (i.e.,. subsample size). Since they only compare
outcomes between timing-groups, w9P°*!(g, k) and w®?°*'(g, k) do not contain a within-timing-
group variance of D, but they do include E[D|G = k]? which reflects the fact that timing groups with
higher average doses get more weight. The rest of the timing weights have the same interpretation
as in Goodman-Bacon (2021). Finally, ' (g, k) includes the square of the difference in mean
doses between groups g and k—(E[D|G = g] — E[D|G = k])>—which shows that the “endpoint”
comparisons only influence 5%f¢ to the extent that timing groups have different average doses.
Two timing groups with the same average dose do not contribute a §7OST-PRE (g ) term because
there is no differential change in their doses between the PRE(g) window (when both groups are
untreated) and the POST (k) window (when both groups have E[D|G = g| = E[D|G = k]).

Our next result combines the simple DiD terms and their variance weights to provide a me-
chanical decomposition of 3%“7¢ in DiD setups with variation in treatment timing and variation in
treatment intensity.

Proposition E.1. Under Assumptions 1-MP, 2-MP(a), and 3-MP, B¢ in Equation (E.1) can
be written as

/Btwfe _ Z wg,within (g)6WITHIN (9)
Y

+ Z Z {wg,post(g7 ]{/,)(SMID,PRE(Q7 k) + wk,post(g7 k)(SPOST,MID <g, k) + wlong(g7 k)éPOST,PRE(g, k’)}
9EG kEG k>g
In addition, (i) w9 (g) > 0, wIP(g, k) > 0, whPs(g, k), and w'™9(g,k) > 0 for all g € G
and k € G with k > g, and (ii) deg wg’“’”hm(g)+zg€g Zkeg,k>g {wg’p“t(g’k) (g, k)+wkrost(g, k)+
w9 (g, k)} = 1.

Proposition E.1 generalizes the decomposition theorem for binary staggered timing designs in
Goodman-Bacon (2021) to our setup with variation in treatment intensity.?’ Notice that it does

40Tn particular, in the special case of a staggered, binary treatment, w9 (g)§WITHIN (4} = ( (since there is no
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not require Assumption 2-MP(b) or (c), and is therefore compatible with a binary, multi-valued,
continuous, or mixed treatment. It says that 7€ can be written as a weighted average of the four
comparisons in Equations (E.3) to (E.6). These weights are all positive and sum to one.
Proposition E.1 is a new, explicit description of what kinds of comparisons TWFE uses to
compute 7€ but it does not on its own provide guidance on how to interpret TWFE estimates.
Our baseline results, for example, show that simple estimators like 6"V/THIN(g) equal averages
of ACRT parameters plus “selection bias” that arises from heterogeneous treatment effect func-
tions. Similarly, the terms that compare outcomes across timing groups necessarily average over
the dose-specific treatment effects of units within that timing group. We analyze the theoretical
interpretation of each of these simple DiD estimand under different assumptions and then discuss
what this implies about the (arguably implicit) identifying assumptions and estimand for TWFE.

To begin we define additional weights that apply to the underlying causal parameters in the
DiD terms in Equations (E.3) through (E.6):

(E[DIG = g, D > 1] - E[DIG = g))

within — P(D > _
wy" (g, 1) Var(DIG = g) (D>1G=g),
_ P(D>1G = g) _ dy,

(B(D > |G = g) ~ P(D > I|G = k))
EDIG =g ~EDIG=H)
P(D > 1|G = k)

(EDIG = g - EDIG = K))’

In addition, define the following differences in paths of outcomes over time

L POST(k),PRE(9) (9) =E [(YPOST(IE) — YPRE@)|G = g} _E [(YPOST(IE) — yPRE@)|D = 0] :

FMID@R).PRE®@) () — [(YMID(gJE) — YPRE@)|G = g} ) [(YMID(gJE) — yPRE@)|D = O} :

7 POST(k),MID(3,k) (9) =E [(YPOST(E) _ YMID(@,JE)NG _ g] _E |:(17POST(I~C) _ YMID(g,fc)) D = O} :

dr,

W g k1) = (EIDIC = 4] - EIDIG = 1)’

/L’DSC’I‘OSS ('g7 k) —

wiLCTOSS(g7 k,l) —

and, similarly,
ﬂ_gOST(I}),PRE(Q)(g’ d)=E [(YPOST(%) _ YPRE(Q))|G —g,D= d} _E [(YPOSTU%) _ YPRE(@))lD _ 0} ’
7TIJ\DMD(g,ic),PRE(?J) (9,d) =E [(YMID([;,IE) _ Y—PRE(_Z;)MG —g, D= d} _E [(}—/MID@,;E) _ YPRE(_Z]))|D _ O} 7
WgOST(IE),MID(ZJ,fC)(g’ d)=E [(YPOSTU;) _ YMID(g,ic)NG —g, D= d} _E [(YPOSTU%) _ YMID(@,JE)MD _ O} :

which are the same paths of outcomes but conditional on having dose d.
The following result is our main result on interpreting TWFE estimates with continuous treat-
ment.

Theorem E.2. Under Assumptions 1-MP, 2-MP, and 3-MP,

within group variation in the dose in this case), and w'*™9(g, k)dTO5T-PRE (g k) = 0 (because the distribution of the
dose is the same across all groups). Then, Proposition E.1 collapses to Theorem 1 in Goodman-Bacon (2021) because
the terms w9 Post oK) GMIDPRE (g 1y and wkPost(g, k)§POST-MIP (g ) correspond exactly to between-timing-group
comparisons.
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(1) The four comparisons in Equations (E.3) to (E.6) can be written as

POST(g),PRE(g)
6WITHIN(g) :/ wiuithin(gJ)aﬂ—D (9,1) dl,
D, ol
onMID(9.k),PRE(9) 1 MID(g,k),PRE(g) d
5MID,PRE(g7k):/ wl(g,l) D 5 ( )dl+w0(g) D y (g L)
Dy L
aMID(g,k),PRE(g) (L,
—upg)
L

aﬂ_gOST(k),MID(g,k) (k, l) 7TPOST(k),MID(g,k) (k’ dL)

§POST.MID (g 1) = /D wy (k, 1) 5 dl + wo (k) 4
+
POST(k),PRE(g) _ _MID(g,k),PRE(g)
o) © 9) 9,
dr,
POST(k),PRE(g)
l
6POST,PRE(g’ ]{1) _ / wizcross(g7 k, l) aﬂD (g, ) di
Dy ol
POST(k),PRE POST(k),PRE
— / ,l'[}across(g k l) 871-D ( ) (g)(k7l) _ aﬂ-D ( ) (g)(gal) dl
D, Y ol ol

POST(k),PRE(g) POST(k),PRE(g)
~across m k7d - g7d
+ g (g,k)( D ( L)dL L ( L)> }

(2) If, in addition, Assumption 5-MP holds, then

SWITHIN (g :/ w;uithin(g,l)TCRPOST(g)(g,l)dl,

Dy
— _MID(g,k)
I ATE d
GMIDPRE (g k) = / wi (9. )ACE""" (g,1) dl + wo(9) 9dz),
D, dr,
—_POST(k)
gPOST-MID (¢ oy / w1 (e, VACE" O™ (1o, 1) i + wo (k) A LE (k,dv)
D, dr,
POST(k),PRE(g)(,\ _ —~MID(g,k),PRE(q)
— wo(k) (W (g)d i (g)> ’
L
SOSTPE (g, 1) = [ wpress (g b AR T P g, )
Dy
POST(k),PRE(g) POST(k),PRE(g)
_ / ,lI)tllcross (g, k7 l) 87TD (k7 l) _ 87TD (g’ l) dl
D, ol ol

POST(k),PRE(g) POST(k),PRE(g)
~across m k’d -7 g7d
+ i (ng)( b ( L)dL D ( L)> }

In addition, (i) wPthin(g d) > 0, wi(g,d) > 0, and wo(g) > 0, for all g € G and d € D and (ii)
S, Wi (g Dy dl =1, [, wi(g, 1) dl+wolg) =1, and fp_w§*(g,k,1)dl = 1.

Part (1) of Theorem E.2 links the four sets of comparisons in the TWFE estimator in Proposi-
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tion E.1 to derivatives of conditional expectations (this is analogous to Theorem 3.4 in the baseline
case above) along with some additional (nuisance) paths of outcomes.

Part (2) of Theorem E.2 imposes Assumption 5-MP. Under Assumption 5-MP, §WI/THIN(g)
and 0MIDPRE(g k) both deliver weighted averages of ACR-type parameters. However,
SPOST.MID (g ) and 67OSTPRE (g k) still involve non-negligible nuisance terms. Under Assump-
tion 5-MP, the additional term in §7OT"MID (g k) involves the difference between treatment effects
for group g in group k’s post-treatment periods relative to treatment effects for group ¢ in the pe-
riods after group g is treated but before group k is treated — that is, treatment effect dynamics.
Parallel trends assumptions do not imply that this term is equal to 0. And, in the special case where
the treatment is binary, this term corresponds to the “problematic” term related to treatment effect
dynamics in Goodman-Bacon (2021).

The additional nuisance term in 67O5T-PRE (g k) involves differences in partial effects of more
treatment across groups in their common post-treatment periods. Parallel trends does not restrict
these partial effects to be equal to each other. This term does not show up in the case with a binary
treatment because, by construction, the distribution of the dose is the same across groups. It is
helpful to further consider where this expression comes from. For simplicity, temporarily suppose
that the partial effect of more dose is positive and constant across groups, time, and dose. In this
case, if group ¢ has more dose on average than group k, then its outcomes should increase more
from group ¢ and k’s common pre-treatment period to their common post-treatment period. This
is the comparison that shows up in 679ST"PRE (4 ). However, when partial effects are not the
same across groups and times (which is not implied by any parallel trends assumption), then, for
example, it could be the case that the partial effect of dose is positive for all groups and time
periods but greater for group k relative to group g. If these differences are large enough, it could
lead to the cross-group, long-difference comparisons in §°OST-PEE (g k) having the opposite sign.

Next, we engage on how one could potentially “rescue” TWFE procedures such that gtwfe
would always recover a weighted average of reasonable treatment effect parameters. To do so, one
must further restrict different types of treatment effect heterogeneity.

Assumption 7. (a) [No Treatment Effect Dynamics] For all g € G\ (T +1) and t > g (i.e,
post-treatment periods for group g), ACR(g,t,d) and ATE(g,t,dr) do not vary with t.

(b) [Homogeneous Causal Responses across Groups] For all g € G\ (T + 1) with t > g and
ke G\ (T +1) witht >k, ACR(g,t,d) = ACR(k,t,d) and ATE(g,t,d;) = ATE(k,t,dr).

(¢) [Homogeneous Causal Responses across Dose] For all g € G\ (T +1) witht > g, ACR(g,t,d)
does not vary across d, and, in addition, ATE(g,t,dr)/dr, = ACR(g,t,d).

Assumption 7 introduces three additional conditions limiting treatment effect heterogeneity.
Assumption 7(a) imposes that, within a timing-group, the causal response to the treatment does
not vary across time which rules out treatment effect dynamics. Assumption 7(b) imposes that, for
a fixed time period, causal responses to the treatment are constant across timing-groups. Assump-
tion 7(c) imposes that, within timing-group and time period, the causal response to more dose is
constant across different values of the dose.

Proposition E.2. Under Assumptions 1-MP, 2-MP, 3-MP, and 5-MP,

(a) If, in addition, Assumption 7(a) holds, then

—=POST

(k)
§POSTMID (¢ 1) :/ wl(k,l)mposﬂk)(k,l)dl+w0(k;)ATE h (k:,dL).
D, L
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(b) If, in addition, Assumption 7(b) holds, then

gPOST-PRE (g k) = / Wi (g, k, ) ACR ¥ (g, 1) .
Dy

(¢) If, in addition, Assumption 7(a), (b) and (c) hold, then
5twfe — ACR*™.

Proposition E.2 provides additional conditions under which the nuisance terms in
SPOST.MID (g ) and §POST-PRE(g k) are equal to 0. For 67OST"MID (g k) these nuisance terms
can be eliminated by ruling out treatment effect dynamics; that is, by assuming that, within a
particular group, the causal response to more dose does not vary across time. Ruling out these sort
of treatment effect dynamics is analogous to the kinds of conditions that are required to interpret
TWFE estimates with a binary treatment. In order for the nuisance terms in 67OST-PRE (g k) to
be equal to 0, we impose homogeneous causal responses across groups — that the causal response
to more dose is the same across groups conditional on having the same amount of dose and being
in the same time period. Neither of these assumptions are implied by any of the parallel trends
assumptions that we have considered, and they are both potentially very strong. Therefore, under
both Assumption 7(a) and (b), 57 is equal to a weighted average of average causal response
parameters, but these weights continue to be driven by the TWFE estimation strategy and, like in
the baseline two period case, can continue to deliver poor estimates of the overall average causal
response to the treatment. Imposing Assumption 7(a), (b), and (c) implies that ACR(g,t,d) does
not vary by timing group, time period, or the amount of dose, and part (c) of Proposition E.2 says
that S'f€ is equal to the overall average causal response under these additional, strong conditions.

Remark 10. The results in Part (2) of Theorem E.2 and in Proposition E.2 relied on the multi-
period version of strong parallel trends in Assumption 5-MP. In Theorem FE.2-FExtended in Ap-
pendix F, we additionally show that, under a multi-period version of standard parallel trends
(this is analogous to Assumption J in the two period case and details are provided in Assump-
tion 4-MP(a) in Appendiz D), similar results hold except that ACR (-,d) should be replaced by

ACRT (-,d|-,d)+ % ld where the second term is a “selection bias” term, and ATE (-,dr)

should be replaced by ATT (-, dL_\-, dr). This implies that, under a standard version of parallel trends,
all four comparisons in Equations (E.3) to (E.6) include “selection bias” terms.

E.4 Discussion

The results in this section suggest three important weaknesses of TWFE estimands in a difference-
in-differences framework with multiple time periods, and variation in treatment intensity and timing
of adoptions. First, like the TWFE estimands considered above in the case with two time periods,
TWFE estimands have weights that are driven by the estimation method. As above, these weights
may have undesirable properties in setups where treatment effect heterogeneity is the rule rather
than the exception.

Second, in addition to reasonable treatment effect parameters, TWFE estimands also include
undesirable components due to treatment effect dynamics and heterogeneous causal responses across
groups and time periods. That these show up in the TWFE estimand is potentially problematic
and can possibly lead to very poor performance of the TWFE estimator. Ruling out these problems
requires substantially stronger conditions in addition to any kind of parallel trends assumption.

Finally, even when these extra conditions hold (i.e., the best case scenario for TWFE), if a
researcher invokes a standard parallel trends assumption, the TWFE estimand delivers weighted
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averages of derivatives of ATT-type parameters which are themselves hard to interpret because,
like in the two period case, they include both actual causal responses and “selection bias” terms.

Of these three weaknesses, the first two can be completely avoided by using the estimands pre-
sented in Theorem E.1. These estimands rely only on parallel trends assumptions; in particular,
they are available without imposing any conditions on treatment effect dynamics or how causal
responses vary across groups. The third weakness, though, is a more fundamental challenge of
difference-in-differences approaches with variation in treatment intensity as comparing treatment
effect parameters across different values of the dose appears to fundamentally require imposing
stronger assumptions that rule out some forms of selection into different amounts of the treat-
ment. Although undesirable, we are not aware of any other practical solution to this empirically
relevant DiD problem. Thus, we urge practitioners to transparently discuss their assumptions,
potentially exploiting context-specific knowledge to justify the plausibility of a stronger parallel
trends assumption in the given application.

F Proofs

F.1 Proofs of Results in Section 3.2

This section contains the proofs of the results in Section 3.2 on identifying ATT(d|d) and ATE(d)
under parallel trends assumptions and with a multi-valued/continuous treatment.

Proof of Theorem 3.1
Proof. To show the result, notice that

ATT(d|d) = E[Y;(d) — Y;(0)[ D = d]
— E[Yy(d) - Yi-1(0)|D = d] - E[Y;(0) - ¥;—1(0)|D = d
= E[Yi(d) = Yi-1(0)|D = d] — E[Yy(0) — Y;-1(0)| D = 0]
— E[AY)|D = d] — E[AY;|D = 0)

where the second equality holds by adding and subtracting E[Y;_1(0)|D = d], the third equality
holds by Assumption 4, and the last equality holds because Y;(d) and Y;_1(0) are observed potential
outcomes when D = d and Y;(0) and Y;_1(0) are observed potential outcomes when D = 0. O

Proof of Proposition 3.1
Proof. To show the result, notice that
ATE(d)

E[Y;(d) — Y;(0)]

:EFMM%JHWWH

_ / ATT(d|l) dFp (1)
D

where the second equality holds by the law of iterated expectations, and the third equality holds
by the definition of AT'T(d|l). Then, the result holds because ATT(d|l) is only identified under
Assumption 4 when d = [. O
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Proof of Theorem 3.2

Proof. For Equation (a-Cont), notice that, for d € D4 and (d+ h) € Dy,

E[AY;|D = d] - E[AY;|D = d+h]  ATT(d|d) — ATT(d + h|d + h)
h - h
_ ATT(d|d) — ATT(d + h|d) | ATT(d + h|d) — ATT(d + hld + )
B h h

where the first equality holds by Theorem 3.1 and the second equality holds by ?7. The result
holds by taking the limit as h — 0 and the definition of ACRT(d|d).
For Equation (a-MV) and for d; € D,

E[AYY|D = d;] — E[AY;|D = dj 1] = (ATT(dj\dj) - ATT(dj—lldj)) + (ATT(dj—l\dj) - ATT(dj—lldj—1)>
= ACRT(d;\d;) + (ATT(d;1|d;) = ATT(d;-1|d;-1))
where the first equality holds by Theorem 3.1 and ?? and the second equality holds by the definition
of ACRT(dj|dJ)
Similarly, the result in Equation (b-Cont) holds by noting that for d € D4 and (d+ h) € Dy,
E[AY;|D = d] — E[AY;|D =d+h]  ATE(d) — ATE(d + h)
h B h
which follows from ?? and then by following the same arguments as for Equation (a-Cont).
For Equation (b-MV) and for d; € Dy,

E[AYy|D = d;] — E[AY;|D = d;_y] = (ATE(dj) - ATT(dj_l))
which holds by 77, O

Proof of Theorem 3.3
Proof. Notice that

ATE(d) = E[Y;(d) — Y3(0)]
=E[Y;(d) - 1(0)] — E[Y3(0) = ¥;-1(0)]
= E[Yi(d) = Yi-1(0)|D = d] = E[Y;(0) = ¥:-1(0)[ D = 0]

EMszﬂ— AY|D = 0]

where the second equality holds by adding and subtracting E[Y;_1(0)], the third equality holds
by Assumption 5, and the fourth equality holds because Y;(d) and Y;_;(0) are observed outcomes
when D = d. O

F.2 Proofs of Results from Section 3.3

This section contains the proofs of the results in Section 3.3 on interpreting TWFE regressions with
a multi-valued /continuous treatment.

Proof of Theorem 3.4
To conserve on notation, we define

ma(d) = E[AY|D = d),
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and write AY; = AYj;, since we have only two time periods.

Proof. First, notice that Equation (1.1) is equivalent to
AY; = (0; — ;1) + /°D; + Avy (F.1)

which holds by taking first differences and because all units are untreated in the first period.
Therefore, it immediately follows that
E[AY (D — E[D])]

Var(D)
(D —E[D])
| Var(D)
(D —E[D])
| Var(D)
(D —E[D])
| Var(D)
= A1+ Ay

/Btwfe _

_E (ma(D) - mA<o>>}

=E (ma(D) — ma(0))|D > 0} P(D > 0)

(D — E[D])
Var(D)

=E

(ma(D) = maldi))|D > 0| B(D > 0) + 5 | (madr) —ma(O)|D > 0| B(D >

where the first equality holds because Equation (F.1) is a simple linear regression of AY on an
intercept and D, the second equality holds because E[(D—E[D])ma(0)] = 0, the third equality holds
because E[ma (D) — ma(0)|D = 0] = 0, and the fourth equality holds by adding and subtracting
ma(dr).

We consider Ay and As separately next. First, for Aq,

4 = [(D_E[DD(M(D) —ma(dL)D > o] B(D > 0)

Var(D)
_ W /d j”ac ~E[D))(ma(k) — ma(dr)) dFppso(k)
=B [ - B [yttt
Sy jU(k ~mo) | d 11 < Ky (1) dLdFpypso(F)
_ m /d d mia (1) /d jU(k —E[D))1{l < k} dFp|po(k) d!
_ E’m /ddU m\(DE[(D — E[D))1{l < D}|D > 0] dI
_ ]Pm /ddU mis (VE[(D — E[D))|D = [P(D > |D > 0) dI
) /dju (1) ELDID > lif;rgl))])P(D =) (F2)

where the first equality is the definition of Aj, the second equality holds by rearranging terms
and writing the expectation as an integral, the third equality holds by the fundamental theorem
of calculus, the fourth equality rewrites the inner integral so that it is over dy to dj, the fifth
equality holds by changing the order of integration and rearranging terms, the sixth equality holds
by rewriting the inner integral as an expectation, the seventh equality holds by the law of iterated
expectations (and since D > 1 = D > 0), and the last equality holds by combining terms.
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Next, for As, it immediately holds that

Ay —E W(m(dm — ma(0)|D > 0| P(D > 0)
_ (E[D[D > 0] - E[D))P(D > 0)d, (ma(dr) — ma(0)) (F.3)
Var(D) dr, '

where the first equality is the definition of As, and the second equality holds by multiplying and
dividing by d..

Then, the first result in Theorem 3.4 holds by combining Equations (F.2) and (F.3). That the
weights are all positive holds immediately since (E[D|D > [|—E[D]) > 0 foralll > dr, P(D >1) >0
for all I > dr, (E[D|D > 0] — E[D]) > 0, P(D > 0) > 0, and Var(D) > 0.

Next, we next show that ijU w1 (1) dl +wp = 1. First, notice that

dy 1 du
/d wy (1) dl + wy = Var(D){ / E[D|D > ]P(D >1)dl

L dr,
du
—E[D]/ P(D > 1) dl
dr,

+E[D|D > 0]P(D > 0)dy,

—MMMD>MM}

1
~ Var(D)
and we consider Bj, Bo, B3, and By in turn.
For By, first notice that for all [ € Dy,

{Bl—Bg+Bg—B4}

E[D|D > 1|P(D > 1) =E[D1{D > 1}|D > l|P(D > 1)
=E[D1{D > l}] (F.4)
which holds by the law of iterated expectations and implies that

dy
B, = / E[D|D > I|P(D > 1)dl
d

:/dU/ d1{d > 1} dFp(d) di
dy, D

_ /Dd (/ddU 1l < d} dl) dFp(d)

= /D d(d —dr) dFp(d)
= E[D?] — E[D]dr, (F.5)

where the first line is the definition of Bj, the second equality holds by Equation (F.4), the third
equality holds by changing the order of integration, the fourth equality holds by carrying out the
inner integration, and the last equality holds by rewriting the integral as an expectation.

Next, for term Bs,

By = E[D] /ddU P(D > 1) dl

L
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du
= E[D|P(D > 0)/ P(D >1|D > 0)dl
dar,

dy dy
_E[DP(D > 0)/d /d 1{d > I} dFpypsold) di

_ E[DIP(D > 0) /d jU < /d jU 1i<d) dl) dFpipso(d)

du
= E(DIP(D >0) [ (4= di) dFpipo0(@
— E[D|P(D > 0) (E[D\D > 0] — dL)
= E[D])? — E[D]P(D > 0)dy, (F.6)

where the first equality is the definition of Bs, the second equality holds by the law of iterated
expectations, the third equality holds by writing P(D > I|D > 0) as an integral, the fourth equality
changes the order of integration, the fifth equality carries out the inside integration, the sixth
equality rewrites the integral as an expectation, the last equality holds by combining terms and by
the law of iterated expectations.

Next,

Bs =E[D|D > 0]P(D > 0)dr,
= E[D]dr, (F.7)
which holds by the law of iterated expectations. And finally, recall that
B, =E[D]P(D > 0)dr, (F.8)
Thus, from Equations (F.5) to (F.8), it follows that
By — By + B3 + By = E[D?] — E[D]? = Var(D)

which implies the result.

For part (2), the proof is similar as for part (1), but we provide the details here for completeness.
Notice that,

gt —E [ Var(D [l))]) (ma(D) — mA(O))}
VarlD > _(d = E[D])(ma(d) — ma(0)pg
) i
Var D) Z Z 1{d; < d}(ma(dj) — ma(dj_1))
€D d €D+
B Var(D) > (maldy) = ma(dj-1)) }_(d —E[D])1{d = d;}p
dj€D+ deD
B d-eZD+(mA(dj) — ma(dj-1)) (EDID = di/ar(lg?})P<D =
B d;m wi(d;)(d; — dj) (mA(?dj - d]—1(>dj .

62



where the second equality holds by writing the expectation as a summation, the third equality
holds by adding and subtracting ma(d;) for all d;’s between 0 and d, the fourth equality holds
by changing the order of the summations, the fifth equality writes the second summation as an
expectation, and the last equality holds by the definition of the weights and by multiplying and
dividing by (d; — dj—1). That wi(d;)(dj — dj—1) > 0 holds immediately since wi(d;) > 0 for all
d; € Dy and d; > d;_1. Further,

> wildg)(dj—dj—) = | Y EL{D >d;}D)(dj —dj1) —E[D] DY PB(D>d;)(d; —dj1) | /Var(D)
;€D d;€D; d;€D;

= (A — B)/Var(D)

We consider each of these terms in turn:

A= 3" 3" Ui > dj}diph (dj — dj)

d;€Dy dpeD

=Y phd D (dj—di)
d,eD d; €Dy ,d;<dy

= > pidi(dy —0)
dp€D

= E[D?]

where the first equality holds by writing the expectation for Term A as a summation, the second
equality holds by re-ordering the summations, the third equality holds by canceling all the duplicate
d; terms across summations (and because dy = 0), and the last equality holds by the definition of
E[D?].

Next,

B=E[D] Y > 1{dy>d;}p} (dj —dj_1)

d;€Dy dpeD

—ED] Sk S —dy)

dp €D djED.;,,ddek
=E[D] > dpl]
dr€D
= E[D)?
where the first equality holds by writing the expectation for Term B as a summation, the second
equality holds by re-ordering the summations, the third equality holds by canceling all the duplicate
d; terms across summations (and because dy = 0), and the last equality holds by the definition of
E[D].
This implies that A — B = Var(D) which implies that the weights sum to 1. O

Proof of 77

Proof. The result holds immediately by plugging in the result in Theorem 3.2 into the result
in Theorem 3.4 as well as noting that E[AY;|D = di| — E[AY;|D = 0] = ATT(dr|dr) (under
Assumption 4) and that E[AY;|D = d] — E[AY;|D = 0] = ATE(d) (under Assumption 5). [
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G Proofs of Results from Section E

This section contains the proofs of results from Appendix E on DiD with a multi-valued/continuous
treatment and with multiple periods and variation in treatment timing.

Proof of Theorems D.1 and E.1

This section proves Theorem D.1; note that Theorem E.1, in the main text, corresponds to Part
(2a) of Theorem D.1 (under Assumption 5-MP-Extended(a)).

For part (la), we show the result under Assumption 4-MP(c) which is strictly weaker than
Assumption 4-MP(a). First, notice that,

ATT(g,t,d|g,d) = E[Yi(d) — Y(0)|G = g, D = d]
— E[Yy(d) = Y;-1(0)|G = 9, D = d] — E[Y;(0) — Y,_1(0)|G = 9.D = d

=E[Y;(d) ~ Y;-1(0)|G = g, D =d] = ) E[Y;(0) ~ Y;-1(0)|G =g, D = d] (G.1)

t
= E[Y;(d) = Yy-1(0)|G = g, D = d] = > E[Y,(0) = Y;_1(0)|W; = 0]

= E[Y;(d) — Y,_1(0)|G = g, D = d] — E[Y;(0) — Y,_1(0)|W; = 0]
= E[Y; — Y,1|G = g,D = d] — E[Y; — Y,_1|W; = 0]

where the first equality is the definition of ATT(g,t,d|g,d), the second equality holds by adding
and subtractlng E[Y;-1(0)|G = g,D = d], the third equality holds by adding and subtracting
E[Y;(0)|G =g,D =d] for s =g,...,(t — 1), the fourth equality holds under Assumption 4-MP(c),
the fifth equality holds by canceling all the terms involving E[Y;(0)|W; = 0] for s = ¢,...,(t — 1)
(i.e., from the reverse of the argument for the third equality), and the last equality holds from
writing the potential outcomes in terms of their observed counterparts.
For part (1b), in Equation (G.1), >!_ E[V(0) = Y, 1(0)|G = g, D = d] = >_\_ E[V(0) —
~1(0)]D = 0] under Assumption 4-MP(b). Then, the result holds by otherwise following the
same arguments as in part (1a).
For part (2a), we show the result under Assumption 5-MP-Extended(c) which is strictly weaker
than Assumption 5-MP-Extended(a). First, notice that

ATE(g,t,d) = E[Yi(g,d) — Y:(0)|G = ¢]

|

= E[Yy(g.d) — Yi-1(0)|G = g] ~ E[¥y(0) ~ Yi1(0)|G = g

=E[Y:(g,d) — 1(0)|G 9, D = d] — E[Y3(0) — ¥:-1(0)|G = g]

= E[Yi(g,d) — Y;-1(0)|G = g, D = d] — E[¥; 1(0) — ¥, 1(0)|G = g, D = d]
(En ¥, 1(0)[G = g] — E[¥i1(0) — Y, 1(0)|G = g))

= E[Yi(g,d) = Y41(0)|G = g, D = d] = Y _E[Ys(0) ~Y,a(0)|G=9¢]  (G2)
t—1

— > (BIY:(0) = Yo 1 (0)IG = g, D = d] — E[Y;(0) - Y, 1(0)[G = g])

5=g
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= E[Yi(g.d) = Yg-1(0)|G = g, D = d] = Y E[Y4(0) = Yo1 (0)|W; = 0]

= E[Yi(9,d) ~ Y,1(0)|G = 9. D = d] ~ E[Y;(0) — Y1 (0)[W; = 0]
= E[Y, - ;1[G = 9,D = d] ~ E[Y, ~ Y, 1| W; = 0]

where the first equality holds by the definition of AT'E(g,t,d), the second equality adds and sub-
tracts E[Y;—1(0)|G = g], the third equality holds by Assumption 5-MP-Extended(c), the fourth
equality adds and subtracts both E[Y;_1(0)|G = ¢g,D = d] and E[Y;_1(0)|G = g], the fifth equal-
ity holds by writing “long differences” as summations over “short differences” and by rearranging
terms, the sixth equality holds by Assumption 5-MP-Extended(c) and by canceling terms, the
seventh equality holds by rewriting the sum of short differences as a long difference, and the last
equality holds by writing potential outcomes in terms of their corresponding observed outcomes
and is the result.

The expression for ACR(g, t,d) comes from taking the partial derivative of AT E(g,t,d) = E[Y;—
Y,-1|G = g,D = d] —E[Y; — Y,_1|W; = 0] with respect to d and by noting that E[Y; —Y,_1|W; = 0]
does not depend on d.

Finally, for part (2b), in Equation (G.2), ZZZQE[YS(O) —Y:1(0)|G = g] = Zing[Yg(O) —
Ys;-1(0)|D = 0] under Assumption 5-MP-Extended(b). The result then follows using the same
subsequent arguments as in part (2a).

G.1 Proofs of Proposition E.1, Theorem E.2, and Proposition E.2

This section contains the proofs for interpreting TWFE regressions in the case with a continuous
treatment, multiple periods, and variation in treatment timing as in Appendix E.
Before proving the main results in this section, we introduce some additional notation.

v(g.t) = 1{t > g} - G, (G.3)

where the term 1{¢t > g} is equal to one in post-treatment time periods for units in group g and
recalling that we defined C_¥g = %H which is the fraction of periods that units in group g are
exposed to the treatment (and notice that this latter term does not depend on the particular time
period t). Further, notice that v(g,t) is positive in post-treatment time periods and negative in
pre-treatment time periods for units in a particular group. Finally, also note that, for the “never-
treated” group, g = T + 1 (which we set by convention and is helpful to unify the notation in this
section) so that both terms in the expression for v are equal to 0 for the “never-treated” group.
Furthermore, recall that, for 1 <t; <ty < 7T, we defined

to
— 1
Y(t17t2) — Y
’ to—t1 +1 ; i

where below (and following the notation used throughout the paper), we sometimes leave the
subscript ¢ implicit.

We next state and prove some additional results that are helpful for proving the main results.
The first lemma re-writes (overall) expected dose experienced in period t adjusted by the overall
expected dose (across periods and units) in a form that is useful in proving later results.

Lemma G.1. Under Assumptions 1-MP, 2-MP(a), and 3-MP,

M——ZE 1= X [ dlo.t) dFpicldlalp,

geg
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Proof. First, notice that

BW] =Y [ BIWIG = 9.0 = d|dFpie(dlolp,

geg
-y / d1{t > g} dFpic(dlg)p, (G-4)
geg

where the first equality holds by the law of iterated expectations and the second equality holds
because, after conditioning on group and dose, W; is fully determined.
Thus,

T
E[W,] ?Z =3 [ v = ghdFoatdloln, ZZ | drts = gy apatdom,

Y s 1 geg

L ZZ/ d(1{t > g} — 1{s > g}) dFp\(d|g)p,

s=1 geg

_ Z/ { 1{t>g} —1{s > g}} dFpc(d|g)pg

geg

SK {w > g) - T2 drnldan,
geg

_Z/ dv(g,t) dFpia(d|g)p,
geG

where the first equality applies Equation (G.4) to both terms, the second equality combines terms by
averaging the first term across time periods, the third equality re-orders the summations/integrals,
the fourth equality holds because 1{t > g} does not depend on s and by counting the fraction of
periods where s > g, and the last equality holds by the definition of v(g,t). O

The next lemma provides an intermediate result for the expression for the numerator of gt*fe
in Equation (E.1).

Lemma G.2. Under Assumptions 1-MP, 2-MP(a), and 3-MP,

TZE Vit Wit] = {Z/ d(E[Y;|G = g, D = d] - E[Y{]) v(g,t) dFD|c<dlg>pg}
geg
Proof. Starting with the numerator for /¢ in Equation (E.1)
1 T ..
T ZE[YitWit]
12 E[Y;:Wit] — E[Y;;W;] — E[Y}] E[W]—liE[W]
7- - it zt AL t t ,7- y s
1 T T-G+1 1 <&
=7 > {E[Y;D1{t > G}] - E [Y;DT} —E[Y] | E[W;] — = > E[W]
t=1 s=1
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:}ri{z/< [Y;d1{t > ¢g}|G =g, D = d] — [ md‘ G=g,D= dD dFpic(d|g)pg
t=1

geg

1 T
~E[v] (E[Wt] -z ZE[WS]) }
s=1

{Z/D (E[Yt!ng,Dzd]v(g,t)) dFp\(dlg)pg — E[Yi] < (W] —*ZE >}
1 T
=TZ{Z/ ( Yi|G = g, D = dJv(g, )) dFpja(d|g)pg — E[Y] Z/d’“ 9,1) dFpic(dlg)ry

t=1 {geg”’P 9€g
1 T
=7 ; { gezg /D (E[Y3|G = g,D = d] — E[Yi]) v(g,?) dFDG(d!g)pg}

where the first equality holds by the definition of Wj;, the second equality holds by plugging in
for Wy and W;, the third equality holds by the law of iterated expectations, the fourth equality
holds by the definition of v(g, t), the fifth equality holds by Lemma G.1, and the sixth equality just
combines terms.

O
Next, based on the result in Lemma G.2, we can write the numerator in the expression for gt /e
as
1L .
- ZE[W- |
vy [ 4BiIG = 9.D = d ~ EX) v(g. dFDG<drg>pg}
t=1 \ geg
-
-2 Z - [ d(BMIG = 9.D = d ~EGIG = g)ola.) dFoicdlalp,  (G5)
t=1 g
Py [ d(EWIG = o1~ BN )o(0.1) dFpia(dloln, (G.6)
t=1 geg

where the first equality holds from Lemma G.2 and the second equality holds by adding and
subtracting E[Y;|G = ¢].

The expression in Equation (G.5) involves comparisons between units in the same group but
that have different doses. The expression in Equation (G.6) involves comparisons across different
groups. We consider each of these terms in more detail below.

Lemma G.3. Under Assumptions 1-MP, 2-MP(a), and 3-MP,

= Z Z/ E[Y}|G = g,D = d] - E[Y}|G = g])v(g,t) dFpic(d|g)p

t 1 geg

= Z{ 4)G4Cov <YPOST( 9) YPRE(Q),D]G = g) }pg
9eg
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Proof.

*ZZ [ 4(BiG = 0.0 = 4|~ BVIG = gl )ol0.t) dFoicdlolp,

t=1 geg

.
Z { STEYI(D - E[D|G = g))|G = g]v(g,wpg}

{
s

R \

\] \

Z [Y;(D — E[D|G = g))|G = gJv (gvt)}pg

I
2

1
1 (T—g+1) &
2 ) BYi(D - E[DIG = g)IG = g

I
QM

7- t=1

Lg—1) -

T Y E[Y{(D —E[D|G = g))|G = g] ¢pq

t=g
N ferregry 1§ G =
—Zé{ P (o S - BP0 =G =
i
- LB E[D|G—g]>|a—g1)}pg

_ {g —1(T'—g+1) (E[(YPOST(g) — YPREW)(D ~E[D|G = ¢))|G = g]) }Pg
€9

_ {(1 - ng)@g (E[(YPOST(Q) _ YPRE(Q))(D —E[D|G = ¢))|G = g]) }pg

= Z{ 9)G4Cov (YPOST( 9) YPRE(g),D\G = g) }pg

where the first equality holds by the law of iterated expectations (and combining terms involving
d and Y}), the second equality changes the order of the summations, the third equality holds by
splitting the summation involving ¢ in time period g and plugs in for v(g,t) (which is constant
within group ¢ and across time periods from 1,...,¢9 — 1 and from g,...,7T), the fourth equality
multiplies and divides by terms so that the inside expressions can be written as averages, the fifth
equality holds by changing the order of the expectation and averaging over time periods, the sixth
equality holds by the definition of @g, and the last equality holds by the definition of covariance. [J

Lemma G.3 shows that part of the TWFE estimator comes from a weighted average of post-
vs. pre-treatment outcomes within group but who experienced different doses. In particular, notice

that, for units in group g, YPOST(Q) is their average post-treatment outcome while YiPRE(g ) is their
average pre-treatment outcome.
Next, we consider the expression from Equation (G.6) above which arises from differences in

outcomes across groups. We handle this term over several following results.
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Lemma G.4. Under Assumptions 1-MP, 2-MP(a), and 3-MP,

% {Z/ EY}|G =yg| - E[YtDv(g,t) dFD|G(d\g)pg}
geg
Z{Z > (EDIG =gl <g,t>—E[D|G:k]v(k,w)(ma:g]—Eer:k])pkpg}

ge€G keG k>g

Proof. Notice that

1 T
TZ{Z [ d(Bmic =g~ E[n])v<g,t>dFD|G<d|g>pg}

=1 gEg

== Ly { > EDIG = g] (EYi|G = g] - E[E])U(g,t)pg}
t=1 \ geg
T

== Z { > E[DIG=g¢ ( YiG=g] - > EVIG = k]pk)v(g,t)pg}
t=1 geg keg
T

TZ{ZZE DIG = glo(g,t) (EYIIG = g ~ EYi|G = k])pkpg}
t=1 \ gegG keg

||M\1

{Z > (EIDIG = gl <g,t>—E[D|G=k]v(k,w)(E[mazg]—Emrazk])pkpg}

9€G keG k>g

where the first equality holds by integrating over D, the second equality holds by the law of iterated
expectations, the third equality holds by combining terms, and the last equality holds because all
combinations of g and k occur twice. O

Lemma G.4 is helpful because it shows that the cross-group part of the TWFE estimator can
be written as comparisons for each group relative to later-treated groups.

Next, we provide an important intermediate result. Before stating this result, we define the
following weights

W9ithin(g) = Var(D|G = g)(1 — Gy)Gapy ¥ (g, k) =E[D|G = g]*(1 — Gy)(Gy — Gi)prpy
@7 (g, k) = E[D|G = K*Gr(Gy — Gr)pipy
@' (g, k) = (E[D|G = g] — E[D|G = k])?>Gr(1 — G,)prp,

which correspond to w9 Pt wkPost and w!®™9(g, k) in the main text except they do not divide by
7127 E[W2]. In addition, notice that

E[D|G = g]v(g,t) — E[D|G = k]u(k, t)
—~E[D|G = ¢]G, + E[D|G = k|G, fort<g<k
= { E[D|G = g](1 — G,) + E[D|G = k]G} for g <t<k (G.7)
E[D|G = g¢](1 — Gy) —E[D|G =k|(1 - Gy) forg<k<t
which holds by the definition of v and is useful for the proof of the following lemma.
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Lemma G.5. Under Assumptions 1-MP, 2-MP(a), and 3-MP,

TZ{Z/ E[V;|G =g] - E[Yt])v(%t) dFDG(d|g)pg}
- Z Z {ﬁ,g,post(g7 k) (E [(YMID(QJC) _ YPRE'(Q))|G — g] ) [(YMID(QJC) _ YPRE(Q))|G = k} )

g€G keG,k>g
NS poef(g k;)( {(YPOST(k) _ YMID(g,k))lG _ k} _F {(YPOST(k) _ YMID(g,k)) G = g} )

it ) (B0 -G =] e (770 —y e o] |

Proof. The result holds as follows

.
> { S [ a(sviie = g - 23)o(s. 0 dFDng)pg}
geg’P

T
> (EIDIG = glv(g. 1) — EIDIG = Ku(k,)) (EY.|G = g] —~ E[Vi|G = K]) }pkpg

x5 {

geG keG ,k>g

\1 \

g—1

D {71_(—IE[DG:g]Gg+]E[D|G:Ic]Gk)Z(]E[YtG:g]

t=1

—~E[Yi|G = K])

geG keG,k>g
k—

(E[D|G = g](1 — G,) + E[D|G = k]G Z(E[mezg]—ﬁ[mezk])

t=g

_|_

<l
\‘

E[Y.|G = K]) }pkpg

+ = (E[DIG = g)(1 - Gy) — EID|G = K|(1 - Gi)) 3 (EMiIG = g] -

t=k

<=

{(1 ~ Gy) (~E[DIG = g]G, + EID|G = K|Gy) (E[Y"™9|G = 9] - E[Y 77| = k]

. ED’/]\/IID(g,k)‘G _ k})

=2 >

geG keG,k>g
+ (G — Gi) (EIDIG = g)(1 — Gy) + E[DIG = kIGy) (EM'P@P|G = g]

+ G (EIDIG = g)(1 - G,) ~ E[DIG = k(1 = G)) (EIT 75" |G = g] ~ E[¥ 7" W |G = k] }pkpg

=2 >

g€G keG,k>g
(G — G (EIDIG = g](1 — Gy) + ED|G = KGx) (EIY P96 = ] -

+Gr ((E[DIG = g] ~ EID|G = k])(1 = Gy) — E[DI|G = k(G — G)) (EV"OSTW|G = g] —E[F 75T P|c = ] }pkpg

{ 1—Gy) (-E[D|G = g)(Gy — Gi) + (E[D|G = k] — E[D|G = g])Gh) (E[YPRE<9>|G =g - E[Y"**W|q ])

[]\/IID(gk)‘G k})

{ [DIG = g](1 — Gy)(Gy — Gi) (]E [(f/MID(g,k) _YPREG@)|G = g} _E [(?]VIID(g,k) _YPRE@)|G = kz} )

=2 2
9€G kEG,k>g

+E[D|G = k]G(Gy — Gy) (IE [(YPOST(k) — PMIDER) |G = k] _E [(}—;POST(k) _yMIDGRY |G = g] )

(E[D|G = g] [D|G = k]))Gx(1 — Gy) (IE [(YPOST(k) _ YPRE(g)) G = g} _E [(YPOST(k) _ YPRE(g)) G = k} ) }pkpg

_ Z Z { -9, post(g k)( [(YMID(g,k) o }_/PRE(g))|G _ g] _E [()—/MID(g,k) o YPRE(g))|G _ k] )
gEG kEG,k>g
(g, k) (]E [(YPOST(k) o Y]\/IID(g,k))|G _ k;] _E [(YPOST(k) _ YMID(g,k))|G _ g] >

~k,post

=+ w
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+ ﬁ)umg(% k) (E [(yPOST(k) _ ?PRE(g)) |G = g] _E [(YPOST(k) _ YPRE(g))lG _ k] ) }

where the first equality uses the result in Lemma G.4, the second equality changes the order of
the summations (splitting them at g and k where the value of v(g,t) and v(k,t) change) and uses
Equation (G.7), the third equality holds by averaging over time periods (which involves multiplying
and dividing by g — 1 in the first line, multiplying and dividing by & — ¢ in the second line, and
multiplying and dividing by 7 —k+1 in the last line), the fourth equality rearranges the expressions
for the weights, the fifth equality holds by rearranging terms with common weights, and the last
equality holds by the definitions of w9P°st, ©FPost and w'°™ and by noticing that

PPy = (Pg + k) Palta.y (1 = Pyl(a.iy)
which holds by multiplying and dividing both pi and pg by (py + pr) and by the definition of
Pyl{g.k}- -

The result in Lemma G.5 is very closely related to the result on interpreting TWFE regressions
with a binary treatment and multiple time periods and variation in treatment timing in Goodman-
Bacon (2021).*! In particular, it says that, even with a continuous/multi-valued treatment, the
TWFE regression estimator involves comparisons between (i) the path of outcomes for units that
become treated relative to the path of outcomes for units that are not treated yet, (ii) the path of
outcomes for units that become treated relative to the path of outcomes for units that have already
been treated, and (iii) comparisons of the paths of outcomes across groups from their common pre-
treatment periods to their common post-treatment periods. Intuitively, the first set of comparisons
are very much in the spirit of DiD, but the second and third sets of comparisons are not (except
under additional specialized conditions). We formalize this intuition in the proof of Theorem E.2
below.

Lemma G.6. Under Assumptions 1-MP, 2-MP(a), and 3-MP,

T
;—ZE[WZZt] _ ng,withm + Z Z {wg,post g, k) + % ,post(g k) + wlong<g’ k)}
t=1

geg geg keG k>g

Proof. To start with, notice that E[W/Z%] = E[W;Wy]. Then, we can apply the arguments of
Lemmas G.2 to G.5 but with W;; replacing Y;;. This implies that

1 T
T t=1
= Z wg,within(g) COV(WPOST(Q) - WPRE(g)’ D|G = g)
geg Var(D|G = 9)

WMID(g.k) _ JWPRE@)|G = ¢] — E [(WMID(g:k) _ JWPRE@)|G = k
+Z Z {wgpostg k) [( )| E%G_[( )| ]
9g€G kEG,k>g [ ‘ = 9]
E [(WPOST(k) _ WMID(g,k))|G _ k] i o) [(WPOST(k) _ WMID(g-,k’))|G = g]
E[D|G = k]
E [(WPOST(k) _ WPRE(g))|G _ g] _F [(WPOST(k) _ WPRE(Q))lG = k]
E[D|G = g] - E[D|G = k] }

TR (g, k)

+ @' (g, k)

410ne difference worth noting is that the weights are slightly different due to the terms involving E[D|G = g]
and E[D|G = k]. With a binary treatment, these expectations are equal to each other by construction, but with a
continuous treatment these terms are no longer generally equal to each other. This also implies that the third term
does not show up in the case with a binary treatment.
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=D @ g 1y Y {@0 N g, k) + @ (g, k) + @' (g, k) )

e 9geG keG,k>g

where the last equality holds by noting that W = D in post-treatment periods and W = 0 in
pre-treatment periods, and then by canceling terms. ]

Proof of Proposition E.1

Proof. Proposition E.1 immediately holds by combining the results in Lemma G.2, from Equa-
tions (G.5) and (G.6), and by Lemmas G.3 to G.5 (which all concern the numerator in the expres-
sion for f%7¢ in Equation (E.2)), and then dividing by (1/7) Zthl E[W?2] (which corresponds to
the denominator in the expression for 8#°f¢ in Equation (E.2)). That the weights are all positive
holds immediately by their definitions. That they sum to one holds by the definitions of the weights
and by Lemma G.6. 0

Next, we move to proving Theorem E.2. To do this we provide expressions for each of the com-
parisons that show up in Proposition E.1 in terms of derivatives of paths of outcomes. These results
invoke Assumption 2-MP(b) and (c) and, therefore, use that the treatment is actually continuous,
but they do not invoke any parallel trends assumptions. That said, it would be straightforward to
adapt these results to the case with a discrete multi-valued treatment along the lines of the baseline
two period case considered above.

It is also useful to note that

oxPOSTRLPREG) (o O [(YPOST(IE) — YPRE@)|G =g, D = d]

D pu—
od od
oriIDGRPRED) g ) B [(FM1P6H Y PREG))|G = g, D = d]
od od
87T§OST(15),MID@,E) (g, d) _ IR [(YPOST(IC) — YMID@JC))’G =g,D = d}
od od

which holds because the second parts of each mp term do not vary with the dose.
Next, we consider a result for the main term in §"V/TH#IN(g) in Equation (E.3).

Lemma G.7. Under Assumptions 1-MP, 2-MP, and 3-MP,
Cov ()‘/POST(g) _ YPREW p|G = g)

OR[YPOST(9) _ YPREW9)|G = g, D =]

dl
ol

- /D (E[D|G —¢,D>1] —E[D|G = g])IP’(D > |G = g)

Proof. First, notice that
Cov (YPOST@ _ YPREG) D|G = g) — E[(YFPOST() _ yPREW) (D — E[D|G = g))|G = g]

Then, the proof follows essentially the same arguments as in ?? with YPO05T(@) — Yy PEE(9) replacing
AY and the other arguments relating to the distribution of the dose holding conditional on being
in group g. The second term, involving dy, in 7?7 does not show up here as, by construction, there
are no untreated units in group g. O

Lemma G.7 says that part of §"W/THIN(g) in the TWFE regression estimator comes from a

, o POST(9) _y PRE(9) |G D
weighted average of ZE Ya - |G=g,D=d]
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Next, we consider the main term in the expression for §M/P-PRE(g k) in Equation (E.4). This
term is quite similar to the baseline two-period case considered in 7?7 because units in group k£ have
not been treated yet.

Lemma G.8. Under Assumptions 1-MP, 2-MP, and 3-MP, and for k > g,
E [(YMID(g,k) _ YPREW))|G = g} _E [(YMID(g,k) — YPREW)|G = k}

_ / P(D . l|G _ g) BE[YMID(g’k) _ YPRE(g)|G =g, D= l] a
Dy ol
N dLED?MID(g,k) Y PRE(g |G =g,D= dL] [YMID(g,k) _ YPRE(Q)\D — 0]
dr,
B dLE[YMID(g,k) Y PRE(g |G k] [YMID(g,k:) _ YPRE(g)|D — O]
dr,

Proof. To start with, notice that
E [(YMID(g,k) _ YPRE(g))|G _ g} _E [(Y/MID(g,k) _ YPRE(g))|G _ k}
K [(YMID(g,k) _ YPRE(g)) G = g} _E [(YMID(g,k) _ YPRE(g)) D = 0}

_ (E [(YMID(g,k) _ Y/PRE(g)) G = k] _E [(YMID(g,k) _ YPRE(g))|D _ OD

- MID(g,k) _ 57 PRE(g)| — _
:/ oD > UG — B YPREW|G = g, D=1]
Dy ol
d E[Y’MID(g,k) Y PRE(g |G g,D = dL] [YMID(g,k) _ ?PRE(Q)‘D — 0]
L dL
B dLE[Y/MID(g,k) Y PRE(g |G ]{?] [YMID(g,k) _ YPRE(g) |D — O]
dr,

where the first equality holds by adding and subtracting E [(YMID (9:k) —yP RE(Q)) |D = O]. For
the second equality, notice that

E [(YMID(g,k) _ YPRE(g))|G _ g} _E [(YMID(g,k) _ YPRE(g))|D _ 0}
_r {(YMID(ng) — YPREW))|G = g} _E {(YMID(Q,k) — YPRE®)|G = g, D = dL}
1R [(YMID(g,k) _ YPRE(g))‘G —g.D= dL} _E [(}—/MID(g,k) _ YPRE‘(g)) D = 0}
Moreover,
E [(YMID(g,k) y PRE(g )|G g} E [(YMID(g,k) v PRE(g )|G 9,D = dL}

_ / E [(YMID(g,k) y PRE(g )|G 9,D = d} E [(YMID(g,k) _ YPRE(Q))|G =g,D= dL] dFp|c(d|g)

O YMID(g,k) YPRE G=y, =1
—[ [ w=a I NE=9D=1 4 41, ()
D, JD, ol

y MID(gk) _ YPRE)|G = g. D —
_/ B(D > 1[G = ) 7F v G=gD=1,

where the first equality holds by the law of iterated expectations, the second equality holds by the
fundamental theorem of calculus, and the last equality holds by changing the order of integration
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and simplifying.
Combining the above expressions implies the result. ]

Next, we consider the main term for §POST-MID(g k) in Equation (E.5) which comes from
comparing paths of outcomes for newly treated groups relative to already-treated groups.

Lemma G.9. Under Assumptions 1-MP, 2-MP, and 3-MP, and for k > g,
E [(YPOST( ) _ yMID(g.k )\G } E [(YPOST( ) _ yMID(g.k )\G _ g]

_ / B(D > 1|G = kSR OTTO —YIIPORNIG =k D =1]
D, ol
E[y POST(®) _ YMID(9R)|G = k, D = d;] — E[y POST®) _ yMID(9.k)| D = (]
+dg dr
B {ED—/POST( ) _YPREG)|G — g] — B[VPOST() _ yPRE()|p — 0

_ (E[?MID(g,k) _YPREW)|G = g — E[YMIP@k) _ yPRE@)|p = 0]) }

Proof. Notice that
E [(Y—POST(k) _ YMID(g,k)) G = k] _E [(YPOST(k) _ YMID(g,k)) G = g}

_ (IE [(ypos:r( ) _ yMID(g.k )|G k} [(yPOST( ) _ yMID(g.k )|D _ O] >
_ (E [(YPOST(k) _ YvMID(g,k)) G = g} _E [(Y-POST(k) _ YMID(g,k))|D _ 0] )

_ (IE [(YPOST(k) _PMIDER)|G = k} E [(YPOST(k) — YMID@R))|p = 0] > (C.8)
_ { <E [(YPOST(k) _ YPRE(g)NG _ g} _E [(?POST(k) y PRE(g )|D _ ()] )

_ (E [(YMID(g,k) _ YPRE(Q))|G — g] _E [(YMID(QJC) _ Y/PRE(Q))|D = 0} > }

v POST (k) _ \vMID(g,k) _ _
— [ po > =n2EY Y G=kD=1, (G.9)
Dy ol
T E[YPOST(k) - }_/MID(g’ k?)|G — g,D — dL] —FE [(YPOST( ) YMID g,k )|D _ 0}
L
dr,

- {(E [(YPOST( ) _ yPRE(g )\G _ g] E [(YPOST(k) _ YPRE(g))|D _ 0} )

_ <IE [(YMID(g,k) y PRE(g )|G _ g} E [(YMID(g,k) vy PRE(g )|D _ O] )}
where the first equality holds by adding and subtracting E [(YPOST(k) - YM[D(Q’]"’)HD = 0], the
second equality holds by adding and subtracting both E [YP RE(g) |G = g] and E [}_/P RE(g) |D = O],
and the last equality holds by applying the same sort of arguments as in the proof of Lemma G.8. [J
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The expression in Lemma G.9 appears complicated and is worth explaining in some more detail.
Consider Equation (G.8) in the proof of Lemma G.9. There are three parts of this expression.
The first part compares the path of outcomes in post-treatment periods relative to some pre-
treatment periods for units in group k to the path of outcomes for units that never participate in
the treatment. This sort of comparison is very much in the spirit of DiD and will correspond to
a reasonable treatment effect parameter under appropriate parallel trends assumptions. Similarly,
under suitable parallel trends assumptions, the terms in the second and third lines will correspond
to treatment effects for group g between periods k and 7 (the second line) and treatment effects
for group g between periods g and k — 1 (the third line). Therefore, the difference between these
terms can be thought of as some form of treatment effect dynamics. That means, in general, for
this overall term to correspond to a treatment effect parameter for group k, there needs to be no
treatment effect dynamics for group g. Ruling out treatment effect dynamics is not implied by
any sort of parallel trends assumption and therefore involves an additional (and potentially very
strong) assumption.

Finally, we consider the main term for 67O9TPRE (g k) in Equation (E.6).

Lemma G.10. Under Assumptions 1-MP, 2-MP, and 3-MP, and for k > g,

E {(YPOST(k) _ YPRE(g)) G = g} _E |:(}7POST(I€) _ YPRE(g)) G = k}

E[y POST(k) _ yPRE@)|(} — ¢ D) — |
:/ (}P’(DZHG:g)—IP(DzHG:k))a [ & =9, ]dl
D, ol
> POST(k) _ " PRE(g)|(¥ — _ > POST(k) _ 3/ PRE(g)| (Y —
- / P> UG =) <8E[Y YPREW|G =, D =1] OE[Y g IG=g,D
D, al i
E[YPOST(H) _ PPREGW)|G = k, D = d;] — E[YPOST() _ yPRE()| D — (]
+dL ) L
dr,
. E[YPOST(k) _ YPREW)|G = g, D = d;] — E[Y POST(H) _ YPRE(9)|D — (] }
—dg,
dr,

Proof. First, by adding and subtracting terms
E [(yPOST( ) _ yPRE(g )]G g} E [(YPOST( ) _ yPRE(g )\G }
—-F [(YPOST(/@) _ YPRE(g)) G = g} _F [(YPOST(k) _ YPRE(g)) D = O]
_ (E [(Y/POST(I@) _ YPRE(Q))‘G _ k} _E [(YPOST(k) _ ?PRE(g))’D _ OD
Then, using similar arguments as in Lemma G.8 above, one can show that

E [(}—/POST(k) _ YPRE(g))|G _ g} _E [(YPOST( ) _ yPRE(g )|D _ 0]

7 POST(k) _ 7 PRE(g)|/Y — _
:/ P(D2l|G:g)8E[Y Y |G =g,D l]dl
E[yPOST(k) _ YPRE(g)|G =g,D=dg] - E[YPOST(k) — ?PRE(Q)‘D =0
+ dL 9, y L
L

and that
E[(?POST() y PRE(g )\G } E[(YPOST() y PRE(g )]D ]

POST(k) _ v PRE(g _
:/ IP’(Dzl\G:k)aE[Y YPREW|G =k, D = 0,
Dy ol
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ED‘/POST(k) _ YPRE(g)‘G =k D=d;]— E[YPOST(k) _ YPRE(Q)‘D =X
dr,
Then, the vresult holds by adding and subtracting fD+ P(D > G =

+dj,

POST (k) _VPRE(9)|(I—p D ..
o) B Yal €=9:P=Ul 4 and combining terms. O

Proof of Part (1) of Theorem E.2

Proof. Starting from the result in Proposition E.1, the expression for §"V/T#IN(g) comes from its
definition, the result in Lemma G.7, and the definition of the weights w¥®"" (g 1). The expres-
sion for §MID-PRE(g k) comes from its definition, the result in Lemma G.8, and the definitions
of wi(g,1) and wy(g). The expression for §7OST-MID (g k) comes from combining its definition
with the result in Lemma G.9, and the definitions of wj(k,1) and wo(k). Finally, the expression
for POST-PRE(g k) comes from its definition, the result in Lemma G.10, and the definitions of
w%cross(‘% k, l), wtlzcross (g’ k, l)7 and ’ZI)S’CTOSS(Q, k)

That w**"" (g, d) > 0, wi(g,0) > 0, we(g) > 0 for all g € G and d € Dy all hold immediately
from the definitions of the weights. That fD+ wthin (g 1) dl = 1, fD+ wi(g,1)dl +wp(g) = 1, and
fD+ w§35(g, k,1)dl = 1 hold from the same sorts of arguments used to show that the weights

integrate to 1 in the proof of Theorem 3.4. O

Notice that none of the previous results have invoked any sort of parallel trends assumption.
Next, we push forward the previous results once a researcher invokes parallel trends assumptions;
in the main text, we considered the case where the researcher invoked Assumption 5-MP, but
here we consider both that assumption and Assumption 4-MP(a). To further understand this, for
1 <ty <ty <7T define

to
_ 1
v (g,d) = ot 11 Z Yir(g,t, d)
t=t

which averages potential outcomes from time periods ¢; to ¢y for unit ¢ if they were in group g and
experienced dose d. Note that ﬁ(tl’m) = Y’i(tl’m)(Gi, D;). Next, for t; < ty, define

to
- 1
ATT"") (g, dlg, d) 2 ATT(g.t,dlg, d)
t=t1

- to —t1 +1 —
which is the average treatment effect experienced by units in group g who experienced dose d
averaged across periods from 1 to ty. Likewise, define

to
ATE™"™ (g, ) > ATE(g,t,d)
t=t

:tQ—t1+1 —

which is the average treatment effect of dose d among all units in group ¢ averaged across periods

from t1 to to. An alternative expression for m(tl’m(

g,d|g,d) is given by
ATT™ (g, dlg,d) = E [V (142) (g, d) — Y(142)(0)|G = g, D = d

which holds by the definition of ATT(g,t,d|g,d) and changing the order of the expectation and
the average over time periods; here, E[Y (*1:22)(0)|G = g, D = d] is the average outcome that units
in group ¢ that experienced dose d would have experienced if they had not participated in the
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treatment between time periods t; and to. Similarly, for ATE(tl’tz)(g, d),
ATE " (g,d) = B [V42) (g,d) - V2 (0)]G = g
In addition, define

_ 0ATT(g,llg, d)  9ATE(g,d)
B ol ‘l:d B ad
which are the average causal response to a marginal increase in the dose among units in group g
conditional on having dose experienced dose d (for ACRT (g, d|g,d)) and the average causal response
to a marginal increase in the dose among all units in group g.

The next result connects derivatives of conditional expectations to ACRT and AC R parameters
under parallel trends assumptions.

ACRT"" (g, d|g, d) and ACRE""™ (g, d)

Lemma G.11. Under Assumptions 1-MP, 2-MP, and 3-MP, and for1 <t; <ts < g<t3 <ty <T
(i.e., t1 and ty are pre-treatment periods for group g, and ts and ty are post-treatment periods for
group g), and for d € D,

(1) If, in addition, Assumption 4-MP(a) holds, then
OE [Yst) - Y(t2)|G = g, D = d]

od
(2) If, in addition, Assumption 5-MP holds, then

OF, [Y(ts,m) _ Y(tl,tz)’G =g,D = d]
od

Proof. For part (1), notice that, for 1 < t; <ty < g <ts <ty <T (ie., for group g, t; and ty are
pre-treatment time periods while ¢3 and ¢4 are post treatment time periods), we can write

OATT " (g, d|g, 1)

= ACRT"" (g, dlg,d) + - _

= ACR""(g,d)

EY@m_YWmm:%Dzﬂ:EPWW@Q—YWW@W:%Dzﬂ
= E |[V)(g,d) — Y1(0)|G = g, D = d]
—E [Y24(0) - Y2)(0)|G = g, D = d|
= ATT"" (g, dlg, d)
—E [Y24(0) - Y2)(0)|G = g, D = d

where the first equality holds by writing observed outcomes in terms of their corresponding potential
outcomes, the second equality holds by adding and subtracting E [Y(t3’t4)(0)]G =g,D =dJ, and
the last equality holds by the definition of m(tB’t4)(g, d|g,d).

This equation looks very similar to DiD-type equations in simpler cases such as when there
are two periods and two groups. The left hand side is immediately identified. The right hand
side involves a causal effect parameter of interest and an unobserved path of untreated potential
outcomes that would typically be handled using a parallel trends assumption.

In particular, under Assumption 4-MP(a) (though notice that Assumption 4-MP(b) and (c) are
not generally strong enough here),

E [Y(ts,téx)(o) _ Y(t1,t2)(0)|G —g,D= d} —E [Y(ts,tz;)(o) _ Y(t17t2)(0)|D — O]

which, importantly, does not vary across d or g.
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This suggests that, under Assumption 4-MP(a),
E [Vt - Y6 — g, D = d| = ATT""(g,dlg,d) ~ E [729)(0) — Y12 (0)| D = 0]

Taking derivatives of both sides of the previous equation with respect to d implies the result.
For part (2), notice that,

E [yt - )G — g,D = d] =

(719, d) = Y121(0)[G = g
+E [Y(ts,u)(o) _ Y(tl,tz)(oﬂG — g}
= ATE"" (g,d) + E |7 214 (0) = 42 (0) | D = 0|

where the first equality holds by writing observed outcomes in terms of their corresponding potential
outcomes, the second equality holds by Assumption 5-MP, the third equality holds by adding and
subtracting E[Y 34 (0)|G = g], and the last equality holds by the definition of m(t3’t4)(g,d)
and by Assumption 5-MP. Taking derivatives of both sides implies the result for part (2). O

The result in Lemma G.11 says that, under Assumption 4-MP(a), the derivative of the path
of outcomes (averaged over some post-treatment periods) relative to some pre-treatment periods
corresponds to ACRT(g,t,d|g,d) plus the derivative of a selection bias-type term with respect to d
across some post-treatment time periods for units in group g. Similarly, under Assumption 5-MP,
the derivative of the averaged path of outcomes over time in some post-treatment periods relative
to the same average path of outcomes in some pre-treatment periods corresponds to an average of
ACR(g,d) with respect to d across the same post-treatment time periods.

The intuition for this sort of result is very similar to that of Theorem 3.2 in the baseline case
with two time periods.

Lemma G.12. Under Assumptions 1-MP, 2-MP, and 3-MP, and for1 <t; <ty < g<t3 <ty <k
(i.e., t1 and ty are pre-treatment periods for both groups g and k, group g is treated before group k,
and ts and ty4 are post-treatment periods for group g but pre-treatment periods for group k),

(1) If, in addition, Assumption 4-MP(a) holds, then

dLE [Y(ti’),ﬂl) _ Y(tlvt2)|G =g, D = dL] —E [}_/(tS,M) _ Y(tl,t2)|G — k} _4 ATT(tg’M)(g,dL’g, dL)

dr, -k dr,
(2) If, in addition, Assumption 5-MP holds, then

E [Y(at0) - P(08)|G = g, D = dy] —E [Yats) - Pai)|G = k] _ dLm“s’“)(g, dy)
dL dL

dr,

Proof. For part (1), notice that
B[yt - Y6 — g, D = dy| - B [Y“M - V)G = k|
_Ep%w@dm Y () (0)|G = g, D } [ W4)—WWWmW=4

E [17<t3¢4>(g, d) — V49(0)|G = ¢, D = dy,

[E—
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+ {E[V21(0) - Y2 (0)|G = g, D = dp | ~ E [T (0) - Y2(0)|G = k] }

= ATT"" (g, dy)
where the first equality holds by writing observed outcomes in terms of their corresponding potential
outcomes, the second equality holds by adding and subtracting E [Y(t3’t4)(0)|G =g,D=d L], and

the last equality holds by the definition of m(tg’t4)(g,d,;) and because the difference between
the two terms involving paths of untreated potential outcomes on the second line of the previous
equality is equal to 0 under Assumption 4-MP(a). Then, the result holds by multiplying and
dividing by d,.

For part (2),

E |:Y(t3,t4) _yWR)|g =g D= dL} _E |:Y(t3,t4) _yle)|g = k}
= E[V1)(g,dy) = YO2(0)|G = g, D = di| —E [Y0+5)(0) = Y12)(0)|G = k]
_E [ Pt (g, dy) — 72 (0)G = g} _E [y(tg,u)(o) _ v ()G = k]
—E [V (g,d;) - Y1) (0)G = g]
+{E [70at0(0) - 7012 (0)[G = g] - B [V 40(0) - 702(0)[G = ] }
— ATE""(g,dp)

where the first equality holds by writing observed outcomes in terms of their corresponding potential
outcomes, the second equality holds by Assumption 5-MP, the third equality holds by adding and
subtracting E[Y (%3:%4) (0)|G = g], and the last equality holds by Assumption 5-MP. The result holds
by multiplying and dividing by dy.. O

Proof of Part (2) of Theorem E.2

Proof. The result holds immediately by using the results of Lemmas G.11 and G.12 in each of the
expressions for §WITHIN(g) §MID.PRE (4 L) §POST,MID (g kY and §POST-PRE(g kY in part (1) of

Theorem E.2. O

Proof of Proposition E.2

Proof. For part (a), using similar arguments as in Lemma G.8 and then under Assumption 5-MP,
it follows that

E [Yposm) _ YPREG)| G = g] _E [yPosm) _ YPREG@)|p — 0}
POST (k)

ATE
ACROST® (0 )l + dy, - (9,dr)
L

:/ P(D > |G = g)ACR
Dy

and that
E [YMID(g,k) _ YPREW)|G = g] _E [YMID(g,k) _ YPREG)|p — ()]

———MID(g,k) ATEMIP9R) (9,dr)

(g, ))dl +dp,

:/ P(D > I|G = g)ACR
D, dr
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Under Assumption 7(a), ACR(g,t,d) and AT E(g,t,dr,) do not vary over time which implies that,
for all g € G and k € G with k > g, mPOST(’“)( 1) = ACRTOT™ (g 1) for all | € D, and
ATEPOST(k)( ,dr) = ATEMPY k)( ,dr). This implies that E [YPOST( ) — YPREGW) |G = g] =
E [YMID(gk) — Y PRE(9)|G = g] which implies the result for part (a).

For part (b), notice that, under Assumption 5-MP,
aTFPOST(k),PRE(g)(k’ ) 87rl};OST(k),PRE(g)( )

D _ ——=POST(k)
ol ol

AT ———=POST(k)

(k,1) — ACR (g,0)

=0
for | € Dy and where the second equality holds by Assumption 7(b) (which implies that, for a

particular time period, ACR(g,t,d) does not vary across groups).
The same sort of arguments imply that

ﬂgOST(k),PRE(g)(k’dL) _TrgOST(k),PRE(g)(g,dL) TFEFOST(k )(k:,dL) ATEPOST(k)( )

dr, dr,
=0

Finally, for part (c), under Assumption 7(a), (b), and (c¢), ACR(g,t,d) does not vary across
groups, time periods, or dose; since this does not vary, we denote it by AC'R for the remainder of the
proof. Moreover, from Theorem E.2, we have that fD+ Wi (g 1) dl = 1, fD+ wi(g,1) dl+wp(g) =

1, and that fD w§%%(g, k,1) = 1. From the first two parts of the current result, we also have that

the nuisance paths of outcomes in §7OTMID (g |y and §POST-PRE(g k) are both equal to 0 under

Assumption 7(a) and (b). This implies that, under the conditions for part (c), 6"/THIN(g) =
SMID.PRE (g ) = §POST.MID (g ) = §POST.PRE (g L) = ACR. Finally, from Proposition E.1, we
have that Bf¢ is a weighted average of §MIP-PRE(g ) §POST.MID (g ky sPOST.MID (g kY and
§POST.PRE (g 1) That these are all equal to each other implies that 3t“/¢ = ACR = ACR*™. [

Next, we provide a version of Theorem E.2 extended to the case where Assumption 4-MP(a)
(which is the multi-period version of standard parallel trends that only involves untreated potential
outcomes) holds.

Theorem E.2-Extended. Under Assumptions 1-MP, 2-MP, 3-MP, and 4-MP(a),

———POST(g)
. _ OATT llg, h
WITHIN (g) = / wi™ (g, 1) (ACRTPOST(Q)(Q’HQ D oh o )’h l) !
Dy )

_____MID(g,k)
5MID’PRE(Q,/€)=/ wilg,1) | ACRTM"PO (g, 11g,1) + 22T (’”g’h)’ dl
D,y oh h=I
— __MID(g,k)
ATT (gadL|g7dL>
+ wo(g) L
_____POST(k)
5POST,M1D(9,/€):/ wi(e,1) | ZCRTTOS™® (1 1y, 1) + 2ATL (k’”k’h)’ dl
Dy oh h=I
i TP OST () (e, di |k, i) . 7POST(K).PRE(9) (g) _ g MID(9.k),PRE(9) (g)
+ (k) . o) - )
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S OATT(g,1|g, h
5POST,PRE(97 k‘) — / w(fCT‘OSS(g’ k,l) (ACRTPOST(k)(g, l|g,l) + égh |g ) ’ - > dl
D, h=1
aﬂ_POST(k),PRE(g)(k ) 67rPOST(k),PRE(g)(g )
_ ~aCTross k.1 D ) _ D ’ di
{/Df”l (@ ’)< al ol

POST(k),PRE(g) POST(k),PRE(g)
~across m k’ dp) —m ’d
+ (97k)< D (hode) = T < )>}

where the weights are the same as in Theorem E.2 and satisfy the same properties.

Proof. The result holds immediately by plugging in the results of part (1) of Lemmas G.11 and G.12
for SWITHIN (g) §MID.PRE (4 L) sPOST,MID (g k) and 67OSTPRE (g k) in part (1) of Theorem E.2.

O]
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